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Mathematics. — “Fourdimensional nets and their sections by 
spaces”. (First part). By Prof. P. H. ScHouTe. 


(Communicated in the meeting of January 25, 1908). 


Out of the table 
0: 273°. 81: 217 0 ss a 
Ge AO TA ACER I 20 337 


of the angles formed by two bounding bodies meeting in a face 
of the regular cells of space Sp, it is immediately evident that only 
for the cells C,,C,, C,, can there be any question about each 
respectively filling that space. It is well known, that this is really 
the case. In the handbook included in the Sammlung SCHUBERT 
« Mehrdimenstonale (GFeometrie” (vol. II, page 241) is indicated how 
the two nets of the cells C\, and C,, can be deduced by trans- 
formation from the net of cells (©, the existence of which is clear 
in itself. We repeat this here in a somewhat different form to add 
new considerations to it. 


1. The points with the coordinates (#1, #1, #+1,=# 1) are the 
vertices of an eightcell CO?) with double the unit of length as length. 
of edge, the origin of tbe coordinates as centre and the directions 
of the axes as directions of the edges. These vertices can be easily 
arranged in two groups of eight points, one group of which contains 
the points with a positive product of coordinates, the otber group 
the points with a negative one. Each of these groups has the property 
that no two of the eight points are united by an edge of ('®) 
therefore we call them groups of non-adjacent vertices. Let us join 
for each of these groups the two points lying in the same face of 
0% by a diagonal, then the systems of edges of two cells C@Y®% 
are generated; as each of the bounding cubes of C’® is circum- 
scribed about one of the 16 bounding tetrahedra of each of the two 
Can, we call these last inseribed in ca, where one may be 
called positive, the other negative. 

Let us now suppose the net of the C, to be composed of alternate 
white and black eightcells, so that two (, with a common bounding 
body differ in colour — from which it follows, that two C, in 
contact of edges do this too, whilst on the other hand two (, in 
face or in vertex contact bear the same colour —, and let us assume 
that in each white C, is inscribed a positive C\, and in each black 
C, a negative one; then it is clear that both groups of CO, do not 


> 
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yet fill the whole space Sp,. For to make of a C, the inseribed 
C,, we must truncate from this measure polytope at each of 
the eight vanishing vertices a fivecell rectangular at this point, of 
which the four edges "passing- through this point have a length 2. 
Because a vertex which vanishes for one of the sixteen eells L; 
to which it belongs, does this for all, there will remain round 
this point sixteen alternate white and black rectangular five- 
cells and these will form together a C@V2) of which this point is 
the centre. Thus a space-filling for Sp, is formed by three equally 
numerous groups of cells C'Y® with the property that all cells 
C,, of the same group can be made to cover one another by translation. 

To show how striking the regularity of the net of the C\, is we 
must suppose three cells C@Y®, of which no two belong to the same 
group, to be removed parallel to themselves to a common centre, 
the origin of coordinates. We then see immediately that the vertices 
of the three C’W® together form the vertices of a C®. For 


the two inscribed cells C@Y® together again furnish the vertices 
(#1,#1,#1,=#1) of the original eighteell O(® and the coordinates 
of the vertices of the third cell C\®Y® are 


(+ 2,0, 0,0), (0, + 2,0,0), (0,0, + 2,0), (0,0,0, + 2), 
from which is evident what was assumed (compare “Mehrdimensio- 
nale Geometrie”, vol II, p. 205). 
We shall presently use this observation to trace the connection 
between the four groups of axes of the three systems of cells 07 


with the groups of axes of (,. 


2. To transform the net of the cells C, into a net of cells C\, 
we must again suppose the cells of the former alternately coloured 
white and black in order to break up each of the black cells into 
eight congruent pyramids with the centre of the eightcell ıs common 
vertex and the eight bounding ceubes as bases. By adding to each 
white eightcell the eight black pyramids having a bounding cube 
in common with it, the net of the cells ca is generated; in reality 
to the sixteen vertices of the eightcell supposed to be white with the 
origin of coordinates as centre, viz. to the poins(*1, +1, #1, #1) 
the eight vertices mentioned above | 

(+ 2,0,0,0), (0, & 2,0,0), (0,0, # 2,.0), (0,0,0, # 2) 
are added. 

The transformation of the net of the CX® into that of C,, can also 
take place in the following simple way. Divide each of the cells ne 
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into 16 equal and similarly placed cells C\}) by means of four spaces 
through the centre O parallel to the pairs of bounding spaces. Then 
divide each of the sixteen parts O() (fig. 1) by the space in the 
midpoint of the diagonal concurring in the centre O of C® normal 
to this line into two equal halves; here the section as is known is 
a regular octahedron A,, As... Ass. We now direct our attention 
first to the half cells C',' surrounding the point O; they form a CW?. 
Of the 24 bounding oetahedra sixteen are furnished by the sections 
Ay Ars: Ay, whilst the eight remaining ones are obtained by joining. 


Fig. 1. 


in each of the eight ends of the chords along the four axes OX,, 
OX,, OX, OX, through OÖ, e.g. in X,, the eight rectangular tetra- 
hedra X, (A,, A,, A,,), where it is clear that in X, eight of those 
tetraheda really meet, because we can reverse the direction of each 
of the segments X,A,,, A,Aıs, Aı4,,. Furthermore we observe that 
around an arbitrary vertex A of the original cell also 16 half 
cells C\') are lying and that these form in exactly the same way a 
CW®. By this the net of the (2 has been transformed into a net 
of cells C%W®, where the centres and the vertices of the cells (0%) 
form the centres of the cells 02) placed in the same way. 

lf we add to the considered sixteenth part C\ (fig. 1) the three 
parts generated by reversing the sign of one of the two axes OX 
and OX, or of both, it is immediately evident that A,, isthe ee 
of a face of the original cell em. From this is evident to the eye 
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the truth of the wellknown theorem, that the centres of the faces 
of a CD — and therefore also the centres of the edges of each of 
the two inseribed cells Ger? — are the vertices of a CHEN. 


3. Before examining more closely the nets of the cells C,, CO, , C,, — 
or, a8 we shall express ourselves, the nets (CO), (C,,), (C,) — in 
their mutual connection we put to ourselves the question whether 
it is possible to fill Sp, entirely with different regular cells. Here 
the table given above points to two possibilities. We can either com- 
plete the sum of the angles 75° 31’ 21’ and 164° 28’ 39" with 120° 
to 360° or by combination of one of the two cells C,, C,, with 
twice the other arrive at 360°. The latter is however already 
excluded by the fact that C\, and C,, differ in bounding bodies, 
which obstacle does not occur when one tries to arrange the three 
cells C,, CO, Cs With the same length of edges around a face. 
Yet, though this is possible, neither in this way does one arrive at 
the object in view. If the indicated space-filling had taken place then 
two bounding tetrahedra of (,, having always a face in common, 
would have to differ from each other in this, that one would at the 
same time have to belong to a (/, and the other to a C\,,, and this 
is impossible. For one cannot colour the bounding tetrahedra of a 
C, alternately white and black for the mere reason, that the number 
five of those tetrahedra is odd. So there is no space-filling of Sp, 
where different regular cells appear. 


4. We shall now consider more closely the systems of points 
formed by the centres of the regular cells of the nets (C,), (C,)» 
(C,,) which we shall indicate by the symbols (P,), (P,.), (Pi): 

Of the systems of points (P,), (Po), (P;,,),, which we might call 
fourdimensional ‘“assemblages of Bravaıs”, (P,) is the simplest. Ifthe 
axes of coordinates are assumed through the centre of a definite cell 
c® parallel to the edges of this cell, then (P,) is the system ofthe 
points (2a,, 2a,, 2a,, 2a,) with only even integer coordinates which 
we indicate by means of abbreviated symbols by the equation 
Bm (20;). 

Of the two other systems of points, (P,,) can be most simply 
expressed in (P,). Out of the second mode of transformation of the cells 
C® into the cells C\Y® it was clear to us that (P,) is found by 
joining the system (P,) to the system of the vertices of the cells 
cc». Now this system of the vertices can be deduced out of(P,) by 
a translation indiecated in direction and magnitude by the line-segment 
connecting the centre of the eightcell, which served to determine the 
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system of coordinates, with one of the vertices; thus this system of 
vertices is indicated in the same symbols by (2; +1) and we find 
(P,)= 2a) + (2 +1), i.e. (P,,) is the system of the points with 
integer coordinates which are either all even or all odd. 

Finally (P,,) is derived from (P,,) by adding to (P,) not the 
whole system of the vertices of the cells C'®, but only that half 
which is not occupied by te vertices of the inseribed CY®. We 


1 
express this by means of the equation P.=Qa)+z2u+ 2. 


1 
Here we have to understand by , Qui 1) that system of points of 


which "the coordinates are only odd integer numbers under the con- 
dition that half the sum is either always even or always odd. Ifin the 
cell C\ which furnished us.above with the system of coordinates 
a positive C@V® is inseribed, which for the future we shall always 
suppose, then the point (1, 1, 1, 1) is occupied by a vertex of the 


14 4 YraL/» . % 1 
inseribed C1*F2) and so for the non-occupied vertices 5 (2ai+1) half 


the sum of the four quantities a; is odd. 

If we make the connection between the systems of points (?,), 
(P,.), (P,) in tbe indicated way, then the number of points of(P,,) 
is twice, and the number of points (P,,) is one and a half times as large 
as that of (P,) and so the fourdimensional volumes of ca, Kira cwa 


have to be inthesameratioasthenumbersi, 2 a . This can be easily 


verified. To make a C%Y2) of C® we have truncated at eight ver- 
3 L 
tices a rectangular fivecell, which is 5q of CP; so zof C® remains. 


And to make of 08 the cell cw» contained in the former we 
have halved each of the sixteen parts CO. 


5. By the “transformation-view” of each of the nets (C,), (C.,) and 
(C,,) with respect to a space ‚Sp, of the bearing space Sp, as screen 
we understand the interseclion varying every moment, ofthis non-moving 
space with the fourdimensional net moving along in the direction 
normal to this space. If for this movement we interchange the relative 
and the absolute, we can also take this transformation-view to be gene- 
rated by the intersection of the non-moving fourdimensional net 
with” a space Sp,, moving along in a perpendicular direction and 
remaining parallel to itself; there we can again assume that this 
view is observed by one who shares the movement of the space 
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Sp,. The chief aim of this communication is to indicate how we can 
connect the transformation-views of the nets (C\,), (C,,) with that of 
the net (C,), which is by far the simplest. Because the three views 
furnish ät every moment a filling of the intersecting space, this 
investigation can lead to new threedimensional space-fillings, even 
though they be not entirely regular. 

To be able to design a transformation-view of the net (C/,) we must 
know for each of the component cells ©, the place of the centre 
and the position about the centre; as the coordinates of the centres 
of the cells are given above, we have only to occupy ourselves 
further with the position about the centre. We designate that position 
by means of the four diagonals of each C/,, and we then notice that 
these four lines for each of the two kinds of inseribed cells (,, are 
also diagonals — groups of non-adjacent diagonals — ofthe eircum- 
scribed cells C,, whilst for the cells C,, of the third group they are 
parallel to the axes of coordinates. 

lf we suppose the centre of a cell C@Y® of the third group to 
be at the same time the centre of a cell Ci, the edges of which 
are parallel to the axes of coordinates, the 2 is insceribed in this 
new eightcell in such a sense, that the vertices of er are the 
centres of the eight bounding cubes of C®. For an obvious reason 
we call this CCY® polarly inseribed in CC) — and now to distin- 
guish, we call the cells of the two other groups bodily inscribed in 
the cells O9. For, as was observed above, in each of the eight 
bounding cubes of Ü@) a bounding tetrahedron of CV is inscribed, 
whilst each of the remaining eight bounding tetrahedra of Cer2 
has with respect to each of the four pairs of opposite bounding cubes 
of CD three vertices of one and one vertex of the other cube as 
vertices. 

In this way each of the cells C‘Y® of the net (C,,) is packed 
up in a (, as small as possible, of which the edges are parallel to 
the axes of coordinates; here the fourdimensional cases of the “erect’’ 
cells C,, of the third group are cells C'{%, those of the “inclining” 
cells C,, of the first and the second group are cells C®. Whilst the 
cases C@® of the inclining cells C,, fill the space Sp,, the cases 
C\# of the erect cells C,, do so eight times, because CF? is the 


h . . 
a part of cu“, — as is immediately evident when one divides the 


erect C(®Y® and its case C@ by spaces through the common centre 
ı * . 
parallel to the pairs of bounding spaces of CO into sixteen equal parts 
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and when one compares the reetangular fivecell of (VW? to the 
C® of CW —, and the erect C,, together fill a third of 180% 

m the aerane mode of transformation of the cells C’® of the net 

(C,) into the cells CW® of a net ((,,) the vertices of the CW® 
RE to 0 are the centres of the faces of these C® ‚ from 
which it follows that the six centres of the faces of each of the eight 
bounding cubes of C% are vertices of a bounding octahedron of 
CK» and so this zeil may again be called inseribed — and bodily 
sehe too — in C®. Also the remaining bounding octahedra can 
be direetly indicated with respect to these circumscribed C®); through 
each of the sixteen vertices of (® pass six faces of this cell, of 
which the centres form the vertices of a bounding octahedron 
of CW2.}) 

From the preceding it follows, that the fourdimensional cases, in- 
closing the cells O2) and having edges parallel to the axes of 
coordinates, consist of two nets (C,) of cells C®, which by exchange 
of centres and vertices pass into each other. 


6. We conclude this first part by indicating the connection 
existing between the systems of axes of the five different cells 
with the origin of coordinates as common centre, which can be 
obtained by parallel translation of one of the cells C2, one ofeach 
of the three groups of cells € ?Y® and one of the cells C®\. We 
indicate these cells for brevity by C, Cs Cs Ci» C,, where 
C,, represents the polarly inscribed sixteencell and C',, and 0", 
successively the positive and the negative bodily inscribed one. Further 
here too — according to the notation of the handbook mentioned 
above — E, K, F, R will denote a vertex, midpoint of edge, centre 
of face, centre of bounding body and therefore VDE, OK, OF, OR 
will'have to denote the axes converging in these points. Thus OE, 
is an axis OE of (,, OK,, an axis OK of C,, OF’, an axis OF 
of C’,., etc. 

The numbers of axes OE, OK, OF, OR of each of the three 
different cells are always the halves of the numbers of the elements 
E,K,F,R; they are contained in the following table. 

Here C,, of course represents the three cells O,, O',, O"j- 

We now indicate the connection of the systems of axes of the 


1) By doubling the radii vectores of the,six centres uf the faces from the chosen 


vertex of these cm we find the central section normal to the diagonal of this 
point. 


| 0E | OK | oF | oR 
Ee: | er: 16 12 4 
cu | 4 Ban er 
E | 2 ar Hl 


five cells C, CO, C,s»_C"» Cu by giving the coordinates of the 
points £, X, F, R belonging to these concentrie cells with respect 
to two systems of axes of coordinates with the common centre of 
the cells as origin, the systems (OX;) of the four axes OR, and the 
system (OY;) ofthe four axes OF’, , (fig. 2) between which the relations 


A er 


Zu ee 
2y, I Erna, 
2y, I Pa a? 


exist. ') 


Fig. 2. 


1) We selected this transformation T', because it causes the octuples of vertices of Cs 
and C'js to pass into each other and those of C"j, into itself. It satisfies the condition 
T+=—1, so that first 7% gives unity. We find that 7? is a rectangular double- 
rotation round 0 by which (x, 24) passes into (— %, %) and (X, %3) into (— %s, %). 
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We shall now give in both systems of coordinates the coor- 
dinates of the vertices of the five concentrie cells and we divide in 
doing so — see the following table — the sixteen vertices of CD 
into the eight vertices of (C”,, and the eight vertices of C",,; to 
that end it is necessary for distinetion to indicate whether the product 
of the coordinates is positive on negative. 


Number Coordinates g | Coordinates 3 
Cells of 3 = 
| vertices (0A) & | (oYı) & 
ni: GE Gm 
C,and Cs 8 | (+ 1, + 1,44, + (+23,0,0,0) 
C,andC" 8 (+1,+1,+4,1) |— | EI, +4,21, #4) ! — 
Ca 8 (+ 2,0, 0,0) +, 21,1, +: 
| C 24 (+1,+1,0,0) (+1,+1,0,0) 


With the aid of this it is easy to find both quadruples of coordinates 
of the systems of the points X, F,R of the five cells. They are given 
in the following table, which after all the preceding is clear in itself. 


5 
Cells Yu Coordinates Coordinates 6 
EB =] 
E } : {=} 
ECG uns, == is S 
E2R| E —RAR 4 (+1,+1,+41,+41) + (2,0,0,0) 
4 
EI2RZR|E |2R| 4 (41,41,44,4) |-|44+1, 4441) = 
3 3 BER, ERON 
K|zF| — | - |3F| 16 [4444,40 (4>27>+>437)- 
F K|K| K|E|42 |(+4,+4,0,0) (+1,+1,0,0) 
1 1 1 il. 4 
R-E R|iR|R;, 4 |(+1,90, ee 
5 (+1,00, (4os>t2+7)+ 
4 4 1 2 v7 2 
ea Fi ae a 
(+ ‚Syptypt+3 ) (+ >+y+3 90) 
| 4 1 1 A 1 
Ns, PLZ HB REee ehe 
(+,+3+„245 )+ (#42 94 2+5 )+ 
1 4 1 1 
a El re 48 Re Siydes ae 
| K | 48 (+ 0) (+1,45 +70) 


Of course the axes, of which the number is given each time, 
agree in nature with the points connected by them with O. So the 


(345 ) 
four axes given in the first row are axes OE for C,and (X, axes 


fort... G'. and C 


2 


x 4 
‚; moreover the coefficients 2, 32 0f 


4 k 
2R, 3 R,2R indicate that the quadruples of coordinates appearing 


in this row relate to the point which is obtained by multiplying 
the observed axis OR of C,, C",„ C,, as far as the length from 
O goes by 2, = 2. 

With the preceding we have pointed out the position of each axis 
of one of the cells of the three nets (C,), (C,,), (C,,) with reference 
to each of the two systems of coordinates and so we have furnished 
in connection with the preceding the material by which it is possible 
to deduce easily all the spacial sections of these three regular nets 
connected in & simple way with these axes. To give an example 
here already we observe that & space normal to one of the twelve 
axes OF, is normal to an axis OX for all the cells of the net (C,,); 
if it now proves possible to determine such a space in such a way 
that it is equally distant from the centres of all the cells C,, which 
are intersected, then in the intersecting space a more or less regular 
space-filling is generated by a selfsame body in three different positions. 

In a future part we hope to commence with the determination 
of the remarkable spacial sections of the nets (C,), (C,,) (Cy,)- 


Mathematics. — “Contribution to the knowledge of the surfaces 
with constant mean curvature”. By Dr. Z. P. Bouman. (Com- 
municated by Prof. Jan DE VRrıss). 


(Communicated in the meeting of January 25, 1908). 


$ 1. As is known the great difficulty connected with the study 
of the surfaces with constant mean curvature is the integration of 
the differential equation 
e "= — sin 8. 00h 0. 
The course followed here leads to iwo simultaneous partial diffe- 
rential equations of order one and of degree two. 
In Gauss’ symbols the value of the mean curvature H of a surface 
is indicated by 
2FD'— ED" — GD 
er 
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As independent coordinates on the surface we choose those which 
are invariable along the lines with length zero and we represent 


them by 5 and n. So we find. 


' 


D 


Let us multiply both members of the first equation by A (cosine 
of the angle. of the norınal with the X-axis); we then find: 


PHX = — 21% 
But 
d’z='‘) 
"MOL =E 
050 
and moreover?): 
Oy dz 
108.08 
Ba it les ) 
ı |dy dz i\6y7 
In 9m 


where x, y, z represent the Cartesian coordinates ofthe surface with 
respect to a rectangular system of axes. 


So we find 
EI nz ea 4 
i er 9500 ' 
or: 
u Bry® 
En nlen) 
and likewise: 
yon A 
u a 


Oz. W H/ay 
ee 


Moreover x, y and 2 must satisfy 
Par 08 


>= 
(= 


!) Bıancm, Vorlesungen über Differential-Geometrie, translation into German by 
Max Lukart, page 89. 
2) l.c. page 86. 


therefore 


ei ie ae BE 
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The equations (I) and (II) give back for 7=0 the problem of 
the minimal surfaces. 


H 
For — see shall introduce for. brevity the symbol Q. 


$ 2. To satisfy beforehand (II) we put 
0x Oy 02 02 ,0y 02 
Dee eener uEr PET Pe 
da Fa 102 0ere0yN 102 
Te "ST Eur et Peter 
where u and v are functions to be determined of & and 7. 


When we substitute the equations (III) into (I) we find the equations 
02 0y 


which u and v must satisfy, whilst moreover RE ra and > m’ 
be] 
derived from (III) must obey the conditions of BE 
The latter furnish 
dz 02 
ß) U 98 ß) ® dm 
on = DEH® 
and 
) 1 dz 1 02 
vR_'T 
oe 
which is clear. 
Writing out we find 
du 02 0?z 0v Oz 0°z 
E: DE “En D'OnT° DB; 0n En 
R 10u 0z 11#'0% 2 1 0v Oz 1 0’z i 
0. wong u. On 0” 08 dm v 08. 0m! 


0x 00 0y 0y . 
If we now also substitute the values of — de’ Sn 38 and Fr into the 
H 
equations (I) whilst we put Q= — zare find: 


Ou 1 du\ de 5 Se 02 
G+a)5+ (*- PT Ga? v JdE On’ 
1 70u 1 Qu 1 1\0z 0z 
(&- a en)e* 5 +" 2 5 4 a Var LT 


OR F- E; 
In (* 0) 08° 3 
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From these three last equations we derive directly with the aid 
of (IV): 


du 0z 0°z a 0z 0z 
= BE "ran ee 
1 du Oz 1 0°z ui L\0z 02 

4 ae Or 
; 0°?z ed dz 
whilst den + (# —_ aH . En | 


We can easily show that one of the equations (V)) is dependent 
on the two others, as is clear. 
If we divide both members of (V;a) by w* and if we add (Pb), 
we find: 
dz 2A 2v du 
In Qilw—u)" "dm" 
From (/V;a) follows: 
Qu dz dv dx | w—v"\Q Oz % 
Om dE rer Br en a 


5 0n 
Be dz 
By substituting here we find : 
N 


de =; 2u Ov 
8° Qile—uj' "98 
We can now write down out of (//T) the following set of equations: - 


en Le 


05 2 u) 05 Qilo—u "08: 
dx (?-5) 02 rel u 
2 "m Rio)? "0m 
00777 1 IN 02 „+1 0% 
anlers a Zl 
ee 
9m A v) 9 Rle—u)? 7 
I 0 Bu öv 
0 T Rile—u)? 98 
02 2 du 
m Re 


So, a8 soon as u and v are known, the problem will be solved. 
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$ 3. In order now to write down the equations which u and v 
must satisfy, we can make use of (ZV’) and (V/), or we can use 
the conditions of integrability. 

(IV,a) gives: . 

ou d2 u” dv 2 du du 1 9 
9m 95 iQlo—u)' "05 0m A 0m a 

(IV,b) gives: 

ou 02 _ — 2u do du , Zu 2 du en 1 0% 

9m 05 iQlw—u)* "05 On Mes en) 

Out of (VI) we find: 

(&)= 2 v+u du % 2v ( 2 0u du 1 =) 


de dr Ta Nee G Pauee) 
0 /(dz 20+u Odu % a a 
( = oe el; "05" 9 a 
and 
0°z Q u. or, dei 02 0°z 2 v+u Ou % 
0807 2 (& 2). ent: 


The equations given above show that all the conditions of the 
problem can be satisfied in the only way by putting: 

2 0u du 1 O?u 2 0v % 1 0% 
I, 4+ oo =0and - —— .— + — ——_l(, 

- (v—u)? 05 BT, -u) 080% a (v—u)? 05 an en ED 


- which equations we write in the form: 


9 9% ou Den Sin 

a a | 

u (VII) 
V® ® ® 

EN EN PERT ) 

re, 


So the problem is entirely reduced to the integration of these two 
sumultaneous differential equations which are of order two and 
non-linear. 

It is easy to deduce from (VI/), that the conditions 


0 (da\ _ 9 (de m „&)= =(&) 
ee a) TE)! 
are satisfied. 
We find namely always: 
0°% 2(w--1) Ou 9y  2(un +1) du dv 
050 Riem m O5 ' On Qo—u)’ ' Om’ äg' 
whilst 
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a du dv 
0507 iu) Om 085 
After substitution we get: 
D=— 2 FandX +?+2=1, 


so that really all the conditions of the problem prove to be satisfied by 
the equations (V//). Thus only the solution of (VII) is left to be 
found. 


$4. We already know, that for the coordinates 5 and 7 
ne H F 
D=-— = 
must be satisfied. 


But moreover follows from the equations of Copazzı'): 


0D, 0.D" 
3% and DE 
So 
D=f (Srand DR RR Ze 


where /, and /, are respectively functions of $ and n only. 

The case that either D or D" is equal to zero offers no diffieul- 
ties, but nothing remarkable either. 

The case that D and D" are both equal to zero, leads, as 
is immediately clear, to the sphere as the simplest form of a surface 
with constant mean curvature. We can namely write down the 
condition for umbilical points, which is as follows with the omission 
of infinitesimals of higher order : ?) 

EuNE 
DI Dan 

When for each point of the surface E= @==0 then each point 
is an umbilical point, as soon as always D= D"=0; and these 
surfaces are (in as far as it concerns the real. solution) spheres only. 


$ 5. We shall now take the matter a little more generally. 
Let us regard the total curvature of a surface as a simultaneous 
differential-invariant of both groundforms, we then find?): 


1) Brancan, l.c. p. 91. In using the coordinates & and „ the CuRrisTorrEL 
2 2 x H 
Tr By making use of De F, 


symbols are all zero, except and 


we prove what was said in the text. 


2) See e.g. V. and K. Komwerer, Allgemeine Theorie der Raumkurven und 
Flächen, II, p. 21. 


$) Bıancaı, l.c. p. 68. 
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Total curvature we 


ee 
EG—F° 4 F: = 


; 1 8 /29F 1 d°(IF) 
u 7 on E =) = F 9m 

(We notice moreover that, as is directly to be seen 
2 1 l 

ar: 


where r, and r, are the prineipal radii of curvature). 
Let us now deduce from (V/) the value of F, we then find 
F=— A . 2 2° ‚ 
Q’w—u)’ 0m 08 


or: 


8 du Ov 
MH Po ; u. 3E ; 
We substitute this value of F into (ZX) by means of the following 
calceulations. Out of (VII) follows 
0’u 
10F BR) 2 oOu 
Fin du "vum 
a 
Ou du  Ou dv 
aan En 
3 F 5) = d8 En (v — u)? i 
This must be equal to 
H AOBAU) 2 dub Hu) l;ln) 
DE een RL dv s 
On 08 
and so we find: 


O?u O’u 
SOME _ 9, 8m 
8 du dv DEE Hin 
on 08 % 
The second member can be once more reduced by means of (VII), 
and we find: 


DELOAME-—W _ 2 0 du 
du 0% 


ou)! "9m 08 . 
On "08 
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So 
16 ou du Ov 


: a A X 
$ 6. Let us now return to equation (VII). We see immediately that a 
8 dv du 


solution, which does not cause F= Po Fr E to vanish, is 
given by 
u=yn) ‚„ v=yß), 
where y and w are respectively functions of n and $ only. 
It is elear that equation (IX) is satisfied, when /, ($) = f, (n) = 0; 
so when D= D"=0($4). 
It is worth notieing, that when uv=g(n) and v=w($) are sub- 
stituted into the equation for 7, this form becomes a solution of 
Br RE 5) 
4 0E\F 
and so this tallies perfectly, because we have here the differential 
equation of Liovvinıe. Indeed, the problem of the surfaces with 
constant mean curvature always leads to an extended equation of 
Liouvirze, as (IX) does, in whatever way we treat it. 
That we really find a sphere here must follow from (VI). These 
equations give for u=yp(n) ndv=w($), 


Kong at De 
"—Qo-E 
ee | 
ou 
2: lw+l 
Er Oue 


the wellknown formul& for the sphere in minimal coordinates. 
We find: 
R S 1 * 
a +y +2 re 


RE ; 
j.e. a sphere with radius 7y 5 iS necessary. 


Now that we have regarded the special case f, (&) — PFENL—K 
we can put both functions equal to 1 by introdueing new functions 
AO=EandAZmM)=n, 
which we shall again indicate by & andy. This is of high importance 

if eventually the solution of equation (VII) were to be found. 


> 
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$ 7. We can now put the question whether the equations (V/]) 
can be solved by putting u equal to f(v), where for the present f 
is arbitrary. 

From (VII) can be deduced 


0° 9°u 
1 
0v dv du du 


05 On 08° Om 
For u=f(v) this leads to 


ou 0 
OR 
0*’u e . ‚% 
a. ER (v) .——— = 
So: 3 
’v n ' 
0v % = Ivo dv ; 
8° du A zo 
or 


08 De % 


0) % —u 0% 
Then, according to (VII), 2 „= y de EZ 


So: 


= v) 
Ar + Tre) = 
One integral of this is ER to recognize the nature of the 
surfaces found. We find that satisfies 
/o=-v)). 
1) Prof. W.Kapteın was so kind as to draw my attention to the following general 
solution of the differential equation. 


Put 
/e)=y 
‚then = 
. es 
tat 
Now put 
y=v-+w, 
so 
dy dw d’y _ d’w 
Er et Dre PEN 
so that 


38* 
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The equations (VII) become 
du u 0?u 0v Ov 0?v 
ee —H get, 
05 0m 980m 05 dn 050 
which are satisfied by a function and its opposite. From this we 


deduce: 
d Joer 
DE On EEE 


Therefore e.g. 
u=etdtre) ‚v=— er. 


By quadratures we find out of (VT), 
2Qiz = — Y(n) + YQ), 
4Qia = er) + ern) 0), 
4Qy = — EFFE) + em! rO), 
The surface is a cylinder of revolution. Its section with the plane 
XOY is a circle, as we find 


ee 
Yy == 402 u H>- 


1 
The radius of the circle is therefore E as it has to be. 


We can furthermore easily show that our solution agrees with the 
differential equations (/X), when we put 


IAOEZFAUE—DE 


We find namely that the second member becomes zero, so that 


ar 
FyTI er 


Ile 


1 
As moreover -—=-| — —— |, as we saw before, r, is therefore — ». 
Fan 8, i 


$ 8. We can now investigate what in the equations (Y//) the 
significance would be of a solution u=y(E), if it were possible. 


w dw dw\? dw 
er or & +3 (&) +2=N. 
w d’w dp 
Lei == —n— 
” dan dv? E 
then: 


w dp 
=,?,trP+rdeE+9=0 


(p+r23' 
De 


For k=0 this solution gives the one used in the text. 


from which ensues, = kw? (k = const.). 


The equation 
ou du 0°u 
ae © re 
is satisfied by u=y(£). 
So there remains to be integrated 


Ov dv 0° 
ee a > 
when v=y($). 
We find: 
dv 


1 
ze). 


with /(£) as arbitrary function of E. 

The solution w=yx(£) furnishes (see (VT)) the value zero for 
ande; whilst for an 
found back for. the minimal curves. 

Entirely the same (with exchange of u and v, & and n) is found 
by putting v=y, (n). 

This solution therefore shows what relations there are between 
the minimal surfaces and those under consideration. For the former 
we have but to. join the two solutions found to get the complete 
solution with two arbitrary functions. So we see that the minimal 
surfaces are translation surfaces, generated by moving a minimal 
curve out of a set along the various points of a curve out of the 
second. set; i.0.w. we have found back the integration of the minimal 
surfaces and in the usual form too. 

Because of H tending to zero there is in this case no fear of 
F becoming 0. 


d = the wellknown formul® are 


5 


$ 9. Now that the special cases of sphere (plane), cylinder and 
minimal surfaces are excluded, the integration of the equations (VID 
would remain. I have not been able to attain more than the lowering 
of. the order of the two differential equations, which is perhaps & 
step onward to a complete solution or to solutions for definite 
series of. surfaces. 

To thıs end we put: 


0v I &u 1 u, 


= tn 


where w, and w, are functions of 5 and 7. 
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From these we derive, by differentiation with respect to Sand 
respectively 


0° 0v du 1 ,„ dw, 
te (a )tze m . on f 


u 0v du 1 dw, 
Eon =—— (v—u) «W,» De dE 
By means of the two non-differentiated equations and by equation 
(VII), we deduce from our last equation: 


and 


da 0v du dm, 
lg n)tzeN 
and 2 
ul, ge (2- =)+3 —d— ne JE y 
or: 
| dw, dv 1 dw, 
w, em rar 5 and w, her: (w—u). de’ 
from which ensues : 
— u, w, (d—u) = ve and — ww, (v—u) = = 
So we may put: 
w =% and w, — =} 


where f is a function of & and 7 which has however to satisfy a 
new differential equation. 


So we have: 
dv 1 1 ER 1 19f 
dE wo 2 de ° 5 ger 
whilst moreover : 
9°f 
080 
v—-ı= — Ya 
05° 0m 
Out of (VII) follows: 
Ov dv du du 
v—u=2 m Br anddv—u=—2 RE 


IE0n | 9&0n 
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it f) 
By substitution of v— u, — and ® we thus find: 


dE on 
of dv of Au 
re Tg: 5 mE 
F+ 0°’ ; En ou 
0809 0509 
KR: a 
980 "Om | _ _ In % 
Mr 9 ' ZEN IM 
0&0n 4m 0Edm "de 
0°v 0°f 0?u 0°f 
0&0n _ _ OE0m 080 _ _IEOM 
er ae ne 
97 0m 08 dE 
After integration we find: 
0v > du Se 
— .— and — .-. — ß 
du 
Joining these equations to the values of e and — 90 find: 
N 
9v du OGuov 1 
arrer =- Wr, and DEE le A) 2.(£): 


These equations must be regarded as the intermediate integrals; 
they contain the arbitrary functions F, and F,, and it is easy tu 
prove that by differentiation they lead back to the two equations 
(VII of order two. 


It goes almost without saying that 7, and F\, appearing here are 
celosely connected to f, and f, appearing in (VII). 
From the equations just found follows: 
0v dv du du 1 i 
N seen WE, (N. 
or 
0v dv du du 
On" 0& "Om "dE 
2, EL BE ED 
FM): F,&O= GR > 
lf we compare this to (X), then: 


—4F,n). FR O=-H OA Mm: 
The first integrals found satisfy therefore all the conditions entirely. 
We have transformed our original coordinates in such a way that 


( 558 ) 


F(& and /, (m) both became 1 and so now we can take in accord- 
ance with it: 


F, (m) = 5; and ji o=5. 


so that the first integrals become: 


0v du H u & H 
an Te Te 
or 
du 0 Q u mw  qQ 
Se BD ne Be _— Se 
3 ae u) mul Fiss A u) (4) 


By replacing moreover v—u by s, and v—+u by s, the final 
equations become: 


ds? /ds,N\® ds, ds,\? i 
ee m(hielijrrer 


These are still to be solved. 


Mathematics. — “On the multiplcation of trigonometrical series.” 
By Prof. W. Kartern, 


1. If f(&) and Y (x) are two functions which are finite and conti- 
nuous in the interval from 2 =0 to 2e=n, we have 
Je)=4a,ta,cso2 +a,022-+.... 
f)=b,snae+b,sin2= -+.... 
ya)=ta,+a,csz + a,0s2@.... 
y(a)=b,sina +b,sn2= +.... 
where 


2 a 2 rn 
= — | Fo) no do = — | Fo) in no du 
0 0) 


2 ® 2 rn 
= — [ plo)oeno do 3,= — | Po) sinne do. 
0 0) 


In the same way the product f(x). Y(x) may be developed, this 
product being finite and continuous in the same interval; therefore 
J@).y@)= 4A, +4,00 +4, Mal 


/(@).y(@a)=B,sine + DB,sin2x-+.. 
where 


2 [* T 
== -[T@ +0) cos nw dw, Ve a 
v0 0 
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We shall now investigate {he relations which exist between the 
integrals A„, B„ and the coefficients a,, da, An, Ö'n. 
Substituting in A, for 9 (w) the series cf cosines, we obtain 


n=— | Fo mno ltd, + a,mo 4a, cos2w-+ ...]do 
0 
= 4a, + 2°. ( Flo)lo (m +n)o+ wm) a]do 
1 
0 


[>] m 
— $ ER Ay — > Du (amtn 4 Ann)» 
1 


This equation may be written in another form; for, because 


«= dp 


Am 38 
An—m + 32 am am 
N ir n+ 


or, putting m n instead of m in the summation from n + 1too 


Zuonn= —4. > Am An—m + $ 2 Am Amtn » 
Hence 

el; 2 a mn —m + % 3 (am amtn + Amamtn) » » » (I) 
If now we substitute in A, for $(w) the series of sines, we have 


Be fu ar 20 mn yolipeten 
n 
-37. ee ee »° wo] dw 


= SER Oma + in) 
or, 88 b = — bp 
A 2 BEN z int 6 LH 
In the same way we find 


Bi = AR sinno[4 «a, + «,csw-+a,co2w-+ ..]dw 
x.). 
0 


=4ea,n+2 z (öm+n — dm—n) 


or, after a slight reduction 
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B=} 5 am ön-m + 3 & (a'm Dimtn — Bin amt) REN TER 
0 ı 
and 
De = [ro sin no [b', sin w -+ b’, sin 2w + .. ] dw 
n 
0 
[.) b’m 
—= 3 — (ann — Amtn) 
2 
or 


B, = 4 >> Dun An—m 4 5 > (am b’ nn mer b’m Am+r.) 5 . . . . (IV) 
l 1 


2. If we suppose 
Pa)=IU +Y% oo +Q,cs2r +... 
=(,sn«e +(,sn2s +... 
the four preceding equations give immediately, by putting 9 (2) = f(x) 


Wera ha art Deere Dr 
) 1 
Ya Ss dam tr —& ba Disn » 0 we mE rn 
1 N 


E, = 4 >= Am Den + 4 - (am bn+tn —— Din Amt) . . . . . . . (3) 
: 0 


3. From the four equations of Art. 1, the beautiful theorem of 
ParsevaLn may be easily deduced. For, supposing that for all the 
values on the circumference of the circle modz=1, we have 


I +%2+92°+...=9p() 
+42 +..=yß) 
it is evident, if we assume in succession z=e® and 2—= ei“ ‚that 
E,(w)+iF,(w)=Y(le) @,(w) -i@,(w)= Ye“) 
F,(w)—iF,(wW=9(er%) G,(w)+:G,(w0) = %(e-i). 
Multiplying these equations and adding the results we obtain 
2 [F,(o) 6, (w) + F, (w) @, (w)] = glei”) p(e'*) + Y (e-i%) p (e-%%) 
where 
F(o)=F,=4a,+aosw-+a,02w-+4... 
G(wW)=@G=4ta,+ta,osw+ta,02w-+4... 
F,(o)=fF,=asinw+ta,sin2»-+... 
G,(e)=6,=adsnw+ta,sin2o-+... 
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If now we put n=0 in the equations (/) and (I/) we find 
2 Tr 
[Ede =ta«, +aad+aa,+.... 
H > 


2 x 
nF 6 00 = aa, +0,a, +... 
0 
thus 


rn te a 

Ss Perved + se Hure og ta tat. 
0 

which is the theorem in question. 


4. From the preceding formulae we may also deduce the values 
of several interesting series. For, if the series for f(x) and y (x) are 
given, and the integrals 


f ko) Yp (w) cos nw dw and]. n: (w) p (w) sin no dw 
(N) 0 


are to be found, the values of the series in the second members of 
the given equations may be determined. To show this, we shall make 
the following application of the formulae (1), (2) and (3), 

Suppose /(2)=«, then 


--(&- & c08 3% at by ) 


52 
9 sinz sin2» sind 
x — 1 — ang + 2 FR RN} 
and 
2 r cos nt 
u — fe” ze no do = 4 
FL d n 
0 
a 2rcosnn 4(l — cosnn) 
= fe inne du = ea 
FL 1 n an 


0 
Now the formula (1) gives, because 
este N) 
Verrat POI Turn: 
1,=4a’+a, +, +99, +- 
4,=a0, +00 + 9a, +00, + 


A, =aa,-+ - + 0,0, +090,+ %0,°+--- 


r 
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therefore 
ne 
Be 9% 
1 m 1 
Peteteet 2 
> 1 
tr amtert an 
Bi. 
tet: zart Sn am 
According to re ©) we ee 
A, — Ihn’ 
1 
A, — Ibmbmtı 
1 
Ni ibeE Spnburs 
i 
= ieh 
\ 
1-45, +5)+ Zbmdn +4 
a, =— (6,5, 4 5,5): Zbnbm+s 
4, =—t (25,d, = 2b,b, + b,’) + = bnbm+5 
From which may be deduced 
al 1 21 Ber! 
1? ar 93 ar 33 -b 6 
RE ann 4 
NETT 
1 1 ı g 
1a 
1 1 1 11 
ET Fa ie sr: 
1 1 } 235 
1 I 1 137 
16 Ar 27 er 38 +.. En 
1 1 1 49 
trat t m 
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In the same way the formula (3) gives 

8 =tab, +%(ab,—b,a, +ab5,—b,a-+..) 

e,=4(a, +05) + 4(5,—ba, + a5—ba, + ad,—da, +: ) 

e,=%(ab, + a5) ++(ad,—b,a, + a,d,—b,a, + a,b,—b,a, + -.) 

&,=t}(ad, tab, + a,5)+3%(ad,—ba, + a,d,—b,a, + a,bd,—b,a, + ..) 

&=%(ad, +a5,+a5,) + (ad, da, + ad,rb,a, + ad-dsaı +:.) 

G=4 (ad tab +05, +a5)+ | 
+ 3(a,d,— ba, + ad, —ba, + ad, —baı + --) 


on lich the Fleet an may be obkained 


m ste mt =5-5 
Ser 
v4 1 1 n° 187 
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Chemistry. — “On a crystallised d. fructose tetracetate”, by Dr. 
D. H. Brauns. (Communicated by Prof. A. P.N. FRAncHIMoNT). 


Very few crystallised derivatives of d. fructose have as yet been 
obtained. A pentacetate was described by Erwıcs and Kornıcs as a 
gummy substancee. A number of researches have shown, however, 
that the high temperature at which the reactions generally took place 
causes a conversion or decomposition of the fructose. As no satis- 
factory results were obtained with acetic anhydride and acetyl chloride 
acetyl bromide was employed which reacts at a comparatively low 
temperature. The greatest possible precautions were taken to exclude 
moisture and- to let the reaction take place at a low temperature. 
The details will be published in full later on. 

Refrigerated d. fructose in fine powder was mixed with a little 
more than 5 mols. of acetyl bromide at — 15° and after starting the 
reaction by touching one spot with a tube having the ordinary 
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temperature, I waited until most of the hydrogen bromide had been 
evolved and the reaction was consequently nearly over. The excess 
of acetyl bromide was then distilled in a high vacuum and the 
product, consisting of a tenaceous, yellow mass, treated with iced 
water, then dissolved in alcohol and placed in a desiccator containing 
caustic potash and kept at a low temperature. A crystallised mass 
was obtained which after being submitted to pressure was recrystal- 
lised at a low temperature when beautiful erystals, free from bromine, 
were deposited. 

These crystals are colourless, odourless, taste bitter and melt at 
131°—132°. In a high vacuum they may be sublimed even at 95° 
more rapidly at 105°; the sublimate has the same melting point. 

The ultimate analyses gave a mean result of © 48.26°/,, H 5.86°/,. 

The molecular weight determination by the lowering of the freezing 
point of benzene gave a mean of 355. 

The acetyl determination was carried out by saponification with 
n/,, sodium hydroxide at a low temperature. Blank experiments 
made under similar conditions showed that fructose is not altered 
or converted into acids. The saponification was nearly complete after 
two hours and quite so in 18 hours; after 28 hours no sensible 
decomposition of the fructose had set in and about the same figures 
were obtained as those in 18 hours. The average amount of acetie 
acid found was 69.42°),. 

It is, therefore, a fructose tetracetate C,,H,,O,, for which theory 
requires ©. 48.25°/, H. 5.86°/,, molecular RN 348 acetic acid 
68.96°/,. 

This compound is but little soluble in water, ether, benzene and 
ligroin, readily so in alcohol and chloroform. 

The chloroform solution was used to determine the rotatory power. 
It polarises to the left and the specific rotation of d. fructose tetra- 
cetate at 20° was found Kr — 91°.38. 


Dr. F. M. JarGErR was kind enough to investigate the erystals and 
reported as follows: 

d. Fructose tetracetate (Brauns). 

C,.H,.0,.; Melting point 132° C. 

Sp. Gr. of the erystals at 15°—= 1.388; Mol. Vol. — 250.72. 

From ethyl alcohol + ether, it is obtained on slow evaporation, 
in beautiful, colourless, shining little erystals which may be readily 
measured and which possess a pure geometrical structure. 

The compound is hemimorphous; its symmetry is that of the 
monoclino-sphenoidie class. It, therefore, does not possess a single 
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symmetry-plane or a symmetry centre; but only one single unipolar, 
twin axis. All the erystals which I investigated represented the same 
variety of the two possible enantiomorphous forms. 


Fig. 1. d. Fructose tetracetate (Brauns). 


The symmetry assigned here to the erystals is not only. proved 
by their habit, but also proved beyond all doubt by the investigation 
of the etched figures obtained by means of 95°/, alcohol; these were 
very distinet particularly on {100} and {001}. 

Parameters: a:b:c—=1, 3463 :1 :1, 5733 

B—92%31 2 
Forms observed: c= {001}, broad and very shining; a = {100}, 
somewhat narrower; o=[i11}, large and yielding sharp reflexes; 
q= {011}, small but reflecting well; Q= {011}, large and shining; 
r— {102}, very narrow and dull; «= {911} exceedingly narrow and 
measurable only with diffieulty. Once or twice one plane of {111} 
was observed, rudimentary and striped parallel to the plane {001}. 
Angular values: Measured: Caleulated: 
c:a = (001) : (100) =* 52°.12’ —_ 
:0 = (111): 111) =*75 4 58 


oO 

c:0— (001) : 111) —* 79 .37 er 
22 = (LO), MOL), 67.21°7, 67°.24'/,’ 
g:o= (011):111)— 43 10°), 43 ,17°), 
2:0 (91T): (11T) — 60 .44 (about) 60 .53'/, 
z:a—=(911):(100)— 8.36 (about) 8.97), 
a:0o—= (100): (111)= 69 ..29°/, 69 .20°/, 
g:q=(011):(011)= 77.39 eye 
c:q= (001): (011)—= 51 .10'), 51 11%), 
c:r— (001): (102)= 35 .44 35 .43'/, 
r:a= (102): (T00)= 92.4 92 .4'), 
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Readily cleavable parallel to a and c. 

The optical axial plane is {010}. Very faint, inclined dispersion : 
e >»; double refraction negative. On c one optical axis emerges at 
a small angle with the normal. 

Topic axial relation :x: 1: © = 7.1503 : 5.3109: 8.3556. 


Physics. — “New observations concerning asymmetrical triplets’”’. By 
Prof. P. ZEEMAN. 


Asymmetry investigated by means of FasrY and Prror’s method. 


1. In the second part of the paper “Magnetic resolution of spec- 
tral lines and magnetic force” I!) investigated, by means of a method, 
which I called that of the non-uniform field, the asymmetry predieted 
from theory by Voıst’) in the case the original line is resolved 
into & triplet. 

A glance at Plate II of my paper immediately shows that obser- 
vation seems to confirm strikingly VoısT’s theoretical result that 
the component of the triplet towards the red is at a somewhat smaller 
distance from the middle line than the one towards the violet. 

In order to exclude however all doubt as to the reality of this 
experimental result I thought it desirable to continue my work in 
a direction independent of RowLanp’s method. 

I have shown’) that the resolution of spectral lines by magnetic 
forces can be investigated by means of the semi-silvered parallel 
plates of Fasry and Prror. 

Using the special form of instrument in which the distance of the 
silvered surfaces is constant, the &talon, we may yet choose between 
two ways of comparison of the wavelengths of the centre line and 
of the components, originating by the action of the magnetic field. 

Firstly we may measure, the intensity of the field being arbitrarily 
chosen, the diameters of the interference rings. By combining only 
measurements of rings originating from the same ring the caleulation 
becomes very simple; for as shown in my last paper even a know- 
ledge of the ordinal number of the rings then is unnecessary. 


2. We may use however also the method of coineidences, regulating 


1) Zerman. These Proceedings 30 November 1907. 

2) Vorsr. Ann. d. Phys. 1. p. 376. 1900, see also the last paper by Vorer. 
Physik. Zeitschrift 9. p. 122. 1908. 

3) Zexman. These Proceedings 28 December 1907. 
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the magnetic force in such a manner that a ring which expands by 
increasing magnetie intensity coincides with a contracting ring. 

The rings corresponding to components towards the red then 
coineide with rings due to components towards the violet side of the 
spectrum. The intensity of the eoineiding rings is then only slightly 
inferior to that of the unmodified one, a cireumstance favourable to 
the accuracy of the measurements. 

Let A, be the wavelength of the middle component of the triplet, 
3, that of the component towards the red, A, that of the component 
towards the violet then we may perform the caleulation, ignoring the 
value of the ordinal numbers of the rings, by the following procedure. 

Let P,, Pr, P, be the ordinal numbers of rings with angular 
diameters z,, &,, &, then we have in general: 


„= 5(1+-%) 


et a 
ae STE 


If the magnetic force is increasing a Contracting ring corresponds 
to },, an expanding one to }.. As I remarked on a former occasion 
we can put in the case of radiation in a magnetic field A, =P; or 
P, = P, if only rings 2, and A, are considered, which originate from 
the same ring A,. 

Hence in applying the method of coincidences the simplest 
procedure is to consider the ring formed by superposition of two 
other rings, once as a ring A, derived from a smaller ring A,, and 
again as a ring A, derived from a larger one A,. 

By measuring three rings viz. the one due to the coincidence 
of the rings A, and A, (diameter .—=x.= x,), further the larger 
ring with diameter x, and finally the smaller one with diameter «',, 
the result may be found by the simple formulae : 


ce” 
A), (144-5) 


N N 
2 = 4 (' +5) 


3. Using an 6talon, with an interval of nearly 5 mm. between 
the plates, I have made by means of the method of coincidences 
some measurements of the magnetic resolution of the yellow mereury 
lines 5791 and 5770. 


and 
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The system of rings was formed in the focal plane of a small 
achromatie lens of 18 m.m. aperture and of 12 cm. focus. This- 
focal plane coineided exactly with the plane of the slit of a one- 
prism spectroscope. The width of the slit was so far reduced that 
the rings of the two yellow mercury lines could be observel sepa- 
rately. Reproductions of negatives (somewhat enlarged) are given 
on the Plate, the first with field off; the second showing the first 
coineidenee (superposition of rings 4A, and A,); the third gives the 
second coincidence, the rings 2, and A, being now in coincidence 
with A,. The plate refers to coincidences for 5770 ; negatives showing 
the coineidences for 5791 however scarcely present any difference 
with those now given. 

By measurements on half a dozen of negatives concerning the 
first coincidence, tbe result was obtained that a separation equal to 
0.166 Ängström units for line 5770, correspunds to a separation of 
line 5791 towards the red of 0.160 A.U., towards the violet of 
01773870: 

Now a separation of 0.166 A. U. corresponds, according to the 
data given in $6 of my paper cited in $ 1 above sub '), to a strength 
of field of 9130 Gauss. 

Considering as the object of the investigation the determination 
of the numerical value of the asymmetry we infer from the given 
data that it is equal to 0.017 A. U. A discussion of the systematie 
errors of observations to be feared, shows that the values 0.015 A. U. 
and 0.019 A.U. are yet possible, that however the values 0.011 A. 
U. and 0.023 A. U..are very improbable. 

Some measurements made by means of the method of diameters 
tend to show that the accuracy of results obtained by that method 
is somewhat superior to that now found. 

The accuracy obtained is however in excellent accordance which 
what might be expected from data given by Fasry and Peror ') 
if applied to our case. 

By our experiments with the method of silvered plates two 
points are clearly shown viz. first that tbe positive results concern- 
ing asymmetrical resolution in strong fields obtained on a former 
oceasion by Rowranp’s method have a real significance, secondly 
that also in lower fields the asymmetry remains and has an amount 
such as to be expected, if strengih of field and asymmetry are 
nearly proportional. 


!) Fagrv et Prror. Ann. de Chim. et de Phys. Janvier 1902, 
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Determination of the total charge of the electrons. 


4. Taking for granted the existence and also the nature of the 
asymmetrical resolution as being in accordance with Voier’s theory, 
it certainly is extremeiy interesting to interprete the result in the 
language of electronic theory. 

LoRENTZ ‘) has deduced Voıgr’s equations from the theory of elec- 
trons or more accurately expressed he gives a system of equations 
which come to the same thing as those of Voicr. | 

Let H be the intensity of the magnetic field, A the wavelength, 
4), and dA, the differences of wavelengths between the middle com- 
ponent En those ‚towards violet and red, V the velocity of lightin 


the aether, and — the well-known ratio of charge and mass of the 
Mm 


electron, then according to LORENTZ : 
4nV 
Bunte...) 


For #4, = dA, this formula changes into the equation, which first 


m EM 


e N: i 
enabled us to determine —. This ratio is found in electromagnetic 
m 


units. 

If N denote the number of molecules per unit volume, one elec- 

tron vibrating in each molecule, we have also according to LORENTZ 
— oo et (2) 
AVVA,.0, 

These formulae were already communicated by GEHRCKE and 
von BARYER ?). 

My own observations concerning asymmetry ($ 5 of my paper 
cited ’) and $ 3 above) seem at first sight to be in contradietion 
with this formula. One of my results being that the asymmetry 
varies witlı strength of field, according to (2) Ne must vary also, 
because 7 and V #2, .. d2, change in nearly the same ratio. Now an 
increase of Ne, or of the number of radiating partieles per unit 
volume, must manifest itself in the radiating power of the vacuum 
tube. An inspection of Plate II (paper cited sub °)) shows that in 
my experiments the intensity of the light of the components really 
has been a maximum in tbe strongest part of the field. We must 
therefore conclude that the circumstances of the luminous mercury 
vapour in the Geissler tube were slightly different in the various 
parts of the non-uniform magnetic field. 


I) Lorentz. Rapports presents au congres internalional de physique 1900. 
2) GeurcKe u. v. Basyer. Verhandl. deutsch. physik. Gesellsch. 7. p. 401. 1906. 
3) ZEEMAN. These Proceedings 30 November 1907. 
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It therefore seems probable to accept with Prof. Voigt ) that 
the change of value of the assymmetry is due to differences ın the 
circumstances of the radiating vapour. 


5. The following table embodies the result of the calculations 
according to (1) and (2) of my observations concerning line 5791. 


MERCURY LINE 5791. 


= Ne en 5770 | A 
1.92%x10 | 8.10X10° | 0.532 A. E. 29220 
1.92 6.24 0.40 „ A140 
1.90 5.97. ° 0.399 „ 21910 
1.87 5.03 0.38 , 18020 
1.87 4.33 0.270 , 14800 

(2.07 4.58 0.166 „ 9130) 


The last line. in this table refers to the observations recorded in 
$ 1 of this paper. 

Dividing the numbers of the second column by those of the first 
one we infer that the vibrating mass (probably wholly eleetromagnetic) 
only amounts from 410-1! to 2.101! gram per cm’. 

Accepting J. J. Tuomson’s value of e viz. 1,1.10-?° eleetromagnetic 
units, we may find the number N. The number of electrons per 
unit volume causing the radiation of the mercury line 5791 in a 
vacuum tube, appears then in the circumstances of our experiments 
and according to the magnetie force to lay between 8.10'6 and 4.1016 
per em’. 

In these experiments the temperature of the vacuum tube may 
be taken as somewhere between 100° and 120°. According to HErTz 
the pressures of mercury vapour corresponding to these tempe- 
ratures are 0.29 resp. 0.78 m.m. From these facts in connection with 
other well known data we may conclude that the number of eleetrons 
participating in the emjssıon of line 5791 is of the same order of 
magnitude as the number of atoms present. 

There seems to be no obstacle in accepting this result and the 
hypothesis that all atoms partieipate simultaneously in the emission 
of light might even seem the most natural. It is however of some 


I) Voigt. Physik. Zeitschr. 9. S. 120. 1908. 
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interest to compare with this result some consequences issuing from 
work done in the Amsterdam laboratory by Harro on the magnetic 
rotation of the plane of polarisation in sodium vapour!), and by 
GersT on magnetic double refraetion in the same substance ?), and 
from one of the results of Jman Becqukker°) in his remarkable 
experiments concerning the behaviour of tysonite and other erystals 
at low temperature and in a magnetic field. 

These physicists come to the conclusion that in the substances 
they have experimented on, only a small part of the atoms are 
participating simultaneously in the emission or absorption phenomena. 

Of course there is not the least improbability in accepting that in 
a Geissler tube the eircumstances are quite different, and to admit 
that in a vacuum tube the number of atoms vibrating at a given 
instant is very large. 


Asymmetries of Wolframium and Molybdenum lines. 
Observations of Mr. Jack. 


6. Not only the lines of mercury and iron, which I investigated, but 
also those of other substances give in the magnetic field asymmetrical 
triplets. Some examples of very pronounced asymmetries, have been 
met with by Mr. Jack in the physical laboratory at Göttingen, and 
I am indebted to the kindness of Prof. Voigt in being able to com- 
municate these here. In the annexed table the wavelengths are given 
in ÄngstrRöm units, the separatious however in m.m. as measured 
on the plates. For a knowledge of the relative asymmetry this is 
sufficient. 

With some lines the asymınetry is reversed, the component towards 
the red being at a larger distance. According to the remarks of 
Mr. Jack it is not excluded however that in tlıese cases the structure 
of the lines is not quite simple. 

The intensities given can only have a relative value according ta 
the results of my paper in these Proceedings of October 1907. 


Observation parallel to the Imes of force. 


7. In a direction parallel to the magnetic force the two com- 
ponents of the doublet must be placed, according to the elementary 
theory, symmetrically relatively to the unmodified line. It seemed 
rather superfluous to test this point. However at the very outset 


1) Haıro. Thesis, Amsterdam 1902. Arch. Neerl. (2) T. 10 p. 148. 1905. 
2) Geest. Thesis, Amsterdam 1904 Arch. Neerl. (2). T. 10, p. 291, 1905. 
3) See especially Jean Becquerer. Influence des varialions de Tempe£rature sur la 


dispersion. Le Radium. 1907. 
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of my experiments in this direction I made an observation which 


seemed irreconcilable with a symmetrical position of the components 
of the doublet. 
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Looking at the doublets of the lines 5791 and 5770, which were 
very brilliant, I observed a narrow and extremely weak line between 
the components of the two lines. This weak line seemed with 5770 
precisely midway between the components, with 5791 however it 
seemed to be displaced somewhat towards the red. 

These weak lines evidently are due to reflection of light, vadiat- 
ing nearly at right angles to the direction of the magnetic force, 
from the inner surface of the capillary of the Geissler tube. LoumAnN') 
investigating the neon lines, observed a similar, but in his case 
entirely symmetrical perturbation. ] found the weak line to be 
linearly polarized, as was to be expected. 

The whole image, apart then from the ratio of intensities and 
the charaeter of the polarization, strikingly resembles the type of 
effect observed at right angles to the magnetic force. No good photo- 
graphs showing the extremely weak line at the same time with the 
two components of the doublet were obtained. 

I therefore tried to bring into the field of view the unmodified 
line at the same time with the doublet. It is well known that the use 
of a spectrum of comparison in measurements where a high degree 
of precision is wanted, is not without serious objeetions. KAYser ’) 
therefore recommends as the most suitable method to produce the lines 
necessary for comparison in the source itself. In our case this is 
naturally out of question. 

The sidelong displacement, which the luminous line in the vacuum 
tube undergoes by the action of the field, makes it already impos- 
sible, even if the position of the vacuum tube remains unchanged, 
accurately to compare a negative taken with the field off, with one 
taken when the field is on. 

The best manner of procedure in the given circumstances therefore 
seemed to reflect into the spectroscope by means of a semi-silvered 
mirror the light of a separate vacuum tube placed sideways and to 
analyse this light simultaneously with that of the tube between the 
poles. However also this comparison succeeded only incompletely in 
view of the extreme accuracy wanted. In some comparisons the line 
of the unmodified source seemed to be in a symmetrical position for 
line 5770 as well as for 5791. I hesitate however to attach even a 
very moderate value to this result. The experiments however foreibly 


suggested the question : 


1) Lonmann, Beiträge zur Kenntniss des Zeeman-Phänomens. Dissertation. Halle 
a.d.S. S. 62. 1907. Zeitschr. f. Wissensch. Photographie. Band 6. Heft 1 u. 2. 1908. 


2) Kayser, Handbuch der Spectroscopie. Band I. p. 732, 
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Has the middle line of « triplet the same wavelength as the 
unmodified line ? 


9. The change of wavelength here contemplated undoubtedly 
must be extremely small, for no one of the physicists occeupied with 
the radiation phenomena in a magnetic field has, to my knowledge, 
come across phenomena which deeide the. question put above this 
paragraph. 

Some observations made with an echelon spectroscope have given 
me evidence, that different spectral lines and among these the mer- 
cury lines undergo in very strong fields displacements of the order 
of 6 or 10 thousandth parts of an Angström unit, in most cases 
towards the violet. The matter seems of sufficient interest to be 
treated in a separate paper, which I hope to give rather soon. 


Physics. — “Change of wavelength of the middle line of triplets.” 
(First Part). By Prof. P. ZEEMAN. 


1. In dealing with radiation in a magnetic field it has been 
tacitly assumed by all experimentalists I know of, that the middle 
line of triplets or of other symmetrical separation figures occupies 
the same position in the spectrum as the unmodified line. During 
a rather detailed investigation of the asymmetrical separation shown 
by some lines (see the paper immediately preceding) experiments on 
the light emitted in the direction of the magnetic force showed that 
symmetry was not always present where it was expected. 

The interest attaching to the encountered anomaly suggested the 
question whether the original line is displaced during magnetisation. 
The following paper gives sufficient evidence to assert that such is 
the case. The asymmetrical position of the very weak line observed 
between the components of tbe doublet of line 5791 (see $ 8 of the 
paper immediately preceding) is not explained however by this dis- 
placement. The contrary is the case. The theoretieal interest of the 
subject is probably intimately connected with the existence of couplings 
between vibrations parallel and perpendicular to the field }). 


2. For the further discussion I will recapitulate here very briefly 


the formulae?) giving for Michsuson’s echelon grating the angular 


!) Ci. however Vorsr. Annalen d. Phys. Bd. 24, p. 195, 1907. 
2) Micherson. Journal de Physique, (3), Vol. 8, p. 305, 1899. 


Fürst B. Gaurtzin. Zur Theorie des Stufens 
pectroscops. Bull. de 1’ h 
Sciences St. Petersbourg 1905 (5) T. 23. NO, I et 2. h ae 


P. ZEEMAN. New observations concerning asymmetrical triplets. 
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dispersion and the distance of adjacent orders of the same line. 
Let 3 denote the wavelengtli of tie light considered, 1 being the 
index of refraction, # the angle of diffraction, £ the thiekness of the 
glassplates, s the width of-the steps of the echelon. 
Then in the case of.normal transmission : 


d6 t du 
Fi os Ge >= 2 . =) . . . . . . (1) 
A being the distance of adjacent orders, we have further: 
A = () 
(N —A. a 
a2 


3. The most simple hypothesis that could be made was, that of 
the two lines under consideration only 5791, which exhibits asym- 
metrical separation and not line 5770, would show a displacement 
of the middle line. 

In order to test this hypothesis I used the echelon speetroscope 
in such a manner that different lines could come simultaneously 
under comparison. The ordinary manner of using the echelon only 
permits the examination of one line at the same time or at least 
only of lines which differ by a small fraction of an ÄngsTröm unit. 

We may however place the steps of the echelon in a horizontal 
position, the slit of the echelon collimator being also horizontal, thus 
rotating these parts through 90° from the position comnionly used. The 
slit of the auxiliary spectroscope may remain vertical. This arrangement, 
which is prineipally that of Newron’s crossed prisms or that of 
GEHRcKE’s “Interferenzpunkte”, has the advantage of showing simul- 
taneously the behaviour of different lines. To every spectral line 
correspond small horizontal lines, the length of which is determined 
by the width of the slit of the auxiliary spectroscope. It depends 

upon the position of the echelon whether two 
or one of the orders of a line will be visible. 
Fig. 1 represents that part of the field of 
view, which relates to the yellow mercury 
lines. The lines a and d represent the successive 
aeanı a orders of line 5770, a’ the only visible order 
of line 5791, supposing that the small vacuum 

Bm tube, charged with mercury vapour, is out of 

the field. 

During the establishment of the magnetic field the well known 
components are seen moving upwards and downwards. Moreover 


a 
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any change in wavelength of line 5791, that of the other line 
remaining constant, must manifest itself in a relative displacement, 
determined by equations (1) and (2). 

Taking two negatives with the smallest possible interval of time 
any change of position of line a’ can be made En by measurement. 
A small displacement of line a’ to a position a’’, was noticed. 


4. The annexed table gives in detail the results of measurements 
on negatives, taken according to the method of $ 3 on different 
days and under somewhat different circumstances. 

The echelon used, was described on a former occasion'); it has 
30 plates 7,8 m.m. thick, the depth of the steps being 1 m.m. 

The distance of line a to line 5 is measured in m.m. and indicated 
as distance a—b and so on. H denotes the strength of field in Gauss. 


Fieldion Field-off., 


Distance Distance 


a—b | a—a' b-a a—b | a—a' | b—a' 


| 
135 | 1.215 | 0.8967) 0.319 7830 1.219 | 0.898 | 0.321 


439 | 1.200 | 0.891 | 0 309 10920 1.203 | 0.898 | 0.310 
4140 | 1.214 | 0.882 | 0.332 8580 1.221 | 0.905 | 0.316 
441 | 1.147 | 0.861 ı 0.286 7700 1.150 | 0.867 | 0.283 
142 | 1.1440 | 0.8349 | 0.291 7180 1.147 \ 0.862 | 0.285 
144 | 1.140 | 0.855 | 0.285 15120 1.145 | 0.872 0.273 
146 | 1 136 | 0.819 | 0.307 | 20340 1.143 | 0.861 | 0.282 
150 | 1.093 | 0.746 | 0.347 23470 1.116 | 0.818 | 0.298 


It appears from this table that the position of line a’ relatively 
to a and 5 is changed by magnetization and that the displacement 
increases with the field intensity. 

‚ It is not less clear however that the observed displacement is due 
not only to a change of wavelength of line 5791, but to a super- 
position of change of frequency of the two lines considered. Indeed 
the distance a—b, i.e. the distance of the adjacent orders of line 
5771, is always smaller in the first seetion of the table than in the 
second one. Hence we must conclude to a change of wavelength of 


ı) Zerman. These Proceedings 30 November 1901. 
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line 5771. The amount can easily be given in A. U. The change ot 
a—b amounts to 0,023 m.m. in the strongest field of 23470 Ganss. 
Half this amount determines the change of wavelength. It becomes 
0,007 A. U., the distance 6f two orders of the echelon = 1.116 m.m. 
corresponding to 0,689 A. U. 


9. The simplieity of the results obtained by means of the method 
of $ 4 is considerably diminished by the fact, that line 5770 under- 
goes a change of wavelength as well as line 5791. The sensibility 
of the method for discovering relative changes of wavelength is very 
clearly seen by a comparison of the two columns under a—a’. 

In order however to be sure of a simple interpretation of results 
and also on account of gain in the intensity of the light I returned, 
the reality of a change of wave-length being now rather evident, to 
the arrangement as it is most commonly used. The slit of the auxiliary 
spectroscope is then parallel to that of the echelon. 

The results obtained for the yellow mercury lines are given in 
the table. 


Plate Distance of | Distance of P) 
x orders, field offjorders, field on H “ 

Nr. in m.m. in m.m. in A.U. 
169a 5770 1.081 1.067 20100 0.004 
1605 5791 1.061 1.04% 20100 0.006 
160c 5791 1.058 1.050 8909 0.003 
16la 5770 1.110 1.089 23800 0.007 
1615 5770 1.110 1.106 9000 0.001 
164 5770 0.855 0.834 24400 0.009 
165a 5791 0.856 0.847 13750 0.004 
1655 5770 0.859 0.843 16450 0.007 


The observations recorded in the last three columns have been 
taken with other orders of the echelon. d, gives in A. U. the change 
of wavelength by magnetization. The largest change observed is one 
of 0.009 A.U. recorded on plate 164 for a field of 24400 Gauss. 

The evidence from these experiments tends to confirm those obtained 
in $ 4. 

The separate numbers show some discrepancies which needs a 
diseussion, which will be given later on. Before proceeding further, 
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I think it appropriate however to call attention to the fact that the 
change of wävelength of the middle line of a triplet seems not to be 
confined to the light emitted by a Geissler tube. 

During the writing of this paper my attention was arrested by a 
passage in a Thesis of W. HarTManN '): 

“Es mag schon an dieser Stelle erwähnt werden, dass der 
Abstand der Ordnungen beim Einschalten des Magnetfeldes sich 
mehrfach änderte, und zwar im allgemeinen mit wachsender Feld- 
stärke kleiner wurde. 

Dieser Änderung würde rein äusserlich betrachtet eine Verkürzung 
der Wellenlänge entsprechen, doch konnte eine wirkliche Gesetzmäs- 
sigkeit nicht constatirt werden.” 

The observations of HARTMANN were made by means of an echelon 
spectroscope, the source of light being the self-induction spark 
in vacuum after MıchkLson’s arrangement. HARTMANN’s negatives 
concerning copper, iron, gold and chrominum were made with fields 
ranging from 8000 to 12000 Gauss. Perhaps the author would have 
expressed his opinion with less reserve, if he had operated with 
stronger fields, in which case the phenomenon is more definite. In 
the light however of our own observations there seems to be suffi- 
cient evidence to eonclude, that also the middle lines of the triplets 
of other metals undergo the kind of change existing in the case of 
mercury. 


Physics. — “The influence of temperature and magnetisation on 
selective absorption spectra”. By Prof. H. E. J. G. pu Boıs 
and G@. J. Erıas. (Communication from the Bosscha-Laboratory.) 


$ 1. As soon as the unequalled paramagnetic properties of the 
compounds of so-called rare earth-metals had been demonstrated °), 
attention was drawn to the fact that most likely also the magneto- 
optic phenomena would show important peculiarities; this was 
done in the following words: “La polarisation rotatoire magnetique 
“a le signe positif ou negatif pour les composes des differents 
“metaux de cette serie, comme d’ailleurs pour ceux de la serie 
“du fer. Je n’ai pas pu constater jusqu’iei un effet particulier de 
“Faimantation. sur le speetre d’absorption tres caracteristique d’une 


!) WALTHER Hartmann. Das Zeeman-Phaenomen im sichtbaren Spectrum von 
Kupfer, Eisen, Gold und Chrom. Dissertation, Halle a. d. S. 1907. p- 10. 

?) H. vu Bois & O. Liesenecnt, Ann. d. Physik (4) 1 p. 196, 1900 ; St. Meıser, 
Ann. d. Physik (4) 1 p. 664, 1900. 


(579 ) 


“solution d’erbium fortement paramagnetique ; d’ailleurs M. ZREMAN 
“Jui-meme l’avait deja cherch& en vain pour le spectre d’&mission 
“de l’erbine chauffee. Des experiences sont en preparation pour deter- 
‘ “miner la rotation dans les raies _d’absorption m&mes et aux alentours 
“immediats”.) 

After results had. been published by Schmauss, Barks and Woop, 
the agreement of which left much to be desired, the experiments in 
question were taken up again in this laboratory in 1906, when one 
of us actually obtained a very peculiar dispersion curve of the 
magnetic rotation within and near a narrow region of absorption.?). 
At the same time such determinations proved to be subject to many 
diffieulties, which could only be surmounted by means of specially 
adapted apparatus ; moreover, simultaneous measurements of other 
optical properties of the absorbing substances are desirable for com- 
pleteness’ sake ; this more extensive investigation is now being con- 
tinued with such improved apparatus. 

In the first negative experiments referred to a direct influence of 
magnetisation in the form of a displacement of the dimly defined 
absorption bands of an aqueous erbium-solution, in other words a 
‘ ZEEMAN-effect in the usual sense, could not be observed, the grating 
used, however, being the same as that used in the present experiments. 
Naturally the observation of the last-mentioned effect is much simpler 
and more easily feasible than an adequate and trustworthy measu- 
rement of the rotation. However, the relation between those two 
modes of looking at one and the same phenomenon is so close that 
either remains undetermined without a rather complete knowledge 
of the other. 

Mr. Jean BkcqQurrEL Jr.) resumed such an investigation on the 
narrower and more sharply defined absorption bands of some exceed- 
ingly rare and small crystal fragments, which we had not at our 
disposal: xenotime, tysonite, parisite and others, the spectra of which 
had been formerly determined by Henrı Becquerer Sr.‘). Besides, the 
influence, already more or less known, of the temperature on such 
spectra was more fully investigated. The important results obtained 
may be assumed to be known. 


1) H. ou Boıs, Rapp. Congr. de Phys, 2 p. 499, Paris 1900; Ann. d. Phys. (4) 
7 p. 944, 1902. 

2) G. J. Eusas, Physik. Zeitschr. 7 p. 931, 1906 (chloride of erbium). 

%) J. Becqueret, Compt. Rend. 142 pp. 775, 874, 1144, 1906. 143 pp. 769, 


890, 962, 1133, 1906. 144 pp. 132, 420, 592, 682, 1032, 1336, 1907. 145 pp. 


413, 795, 916, 1150, 1412. Also Physik. Zeitschr. 8 pp. 632, 929, 1907. 
4) H. Becquerer, Ann. Chim. & phys. (6) 14 p. 170, 1888, 
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$ 2. In a former attempt to classify all elements according to 
their magnetic properties and those of their compounds, the following 
remarks were made: 

«Jes «löments nouvellement reeonnus: helium, argon ‘), neon, 
“krypton, xenon, n’ont pas encore ete determines ; il n’est guere 
“probable qu’ils soient autres que diamagnetiques. On peut eieesser 
«63 autres &l&ments, dont 37 diamagnetiques, 22 paramagnetiques, 
«4 ferromagnetiques A la temperature ambiante; tandis qu’en 7 cas 
“(Be, Mg, Se, Nb, La, Ta, Th) la classification nous parait encore 
“plus ou moins douteuse. Dans le systeme naturel a masses atomi- 
“ques croissantes, on peut distinguer 7 series d’elements paramag- 
“netiques consecutifs, qui les comprennent tous, le signe de l’el&ment 
“guvrant chaque serie &tant seul encore incertain ; les series d’ordre 
“pair sont moins prononcees au point de vue paramagnetique, que 
“celles a numero impair” ?). 

These last-mentioned uneven series are: 


I) ©. 

3) Sc (2),.12..V,. Cr, Mn, <Ee, Co,_N: Cu) 

5) Laß), Ce, Pr, Nıl,.Sa, Eu, Gd, Tb, Dp»,Er, Yb. 
DRAN TI 


Now the anorganie compounds *) which chiefly absorb light select- 
ively, evidently belong to these paramagnetic series; this connection 
is so remarkable that it can hardly be an accidental one. 

From this profuse supply of material only a few samples could 
be chosen; we have thought that we ought to extend the investigation 
in the first place to matter which was comparatively easily to be 
had in larger pieces; among others to some coloured gems, which 
are to be considered as dilute solid solutions, to certain miero- 
erystalline salts, but also to amorphous solidified molten matter and 
to glassy solid solutions in an amorphous substratum, e.g. borax 
or glass. The cerystalline structure gives rise to complications which 
render the phenomena very intricate, though they are most interest- 
ing in themselves. All this yields a rather extensive material of 
observation, possibly of importance in connection with molecular 
theories on solid and liquid substances. 

With the available cryomagnetic arrangement we could expose 
matter in liquid air to a strong magnetic field; in many cases we 


\) Recently confirmed by P. Tänzer, Ann. d. Physik. (4) 24 p. 931, 1907. 
?) Rapp. Congr. d. Phys. 2 p. 487, Paris 1900. 

?) O. Lirsenecht & A. P. Wırıs, Ann. d. Physik (4) 1 p- 186, 1900. 

2 Kayser, Handb. d. Spectroscopie 3; Leipzig 1905. 
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could thus study the simultaneous influence of the two factors, 
temperature and magnetisation. 


$ 3. For the observation or measurement of the absorption spectra 
we used, besides a. hand-spectroscope, according to cireumstances: 

1. A Raps!) spectrometer with a prism of heavy flint glass; 
dispersion C—F about 7.5°. 

2. An autocollimator made according to our directions by the firm 
of C. Zeiss, a description of which will soumappear; dispersion C—F, 
about 25°. 

3. The concave grating presented by RowLanD to Berlin university, 
and kindly placed at our disposal by Prof: Rusens; the radius is 
about 4 m., the number of lines 5684 per cm. The arrangement was 
as usual in a right-angled triangle with movable constant hypotenuse; 
a unit of the scale in the spectrum of the first order (half mm). 
_corresponded to 0.23 un. 

The calibration of these instruments in. wave-lengths was made by 
means of lines of hydrogen, helium, potassium, and those of a mercury 
arc lamp between the limits 434 and 770 un. 

The sources of light were according to the required strength of 
illumination 1. a “Nernst lamp”, 2. a “Lilliput”” are lamp (2 Amp.), 
3. an arc lamp with horizontally directed and slowly rotating positive- 
carbon (25 Amp.), 4. sunlight. 

The polar pieces of the large ring-electromagnet had slitted ‘or 
rectangular openings, to which attention was paid in the dioptrie 
determination of the path of the rays along the field’s axis. 

The ceryomagnetic arrangement was that used before’); the level 
of the liquid air was kept at the lower edge of the openings; the 
sample could be enclosed in a thick copper frame in order to let it 
have a temperature as uniform as possible. 

Outside the field a small vacuum vessel was used with unsilvered 
strips for observation; the variations of temperature had to take 
place as gradually as possible to prevent the samples from bursting 
and cracking. N 

The use of higher temperatures up to about 200° does not give 
rise to any diffieulty with this apparatus which may also be arranged 
pyromagnetically; we hope to’ revert to this question later on. 


Results. 
$4. We reserve the detailed description of the measured absorption 


1) A. Raps, Zeitschr. f. Instr. Kunde, 7 p. 269, 1887. 
2) H. vu Bois & A. P. Wırrs, Verh. D. Phys. Ges. 1p. 169, 1899. — F. C. Braxe, 


ibid. 9 p. 295, 1907. 
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spectra for a future oceasion, and here confine ourselves to the 
principal characteristics. The wave-lengths have been expressed in up 
with an uncertainty of no more than 0,3 um. 

First series. The well-known rather narrow absorption bands 
of.oxygen (among others 476,7—477,6) only played a secondary and 
inconvenient part in this preliminary investigation; for when the 
samples under observation are immersed in liquid air their absorption 
spectra become impure, which should be duly taken into account. 
We have not yet succeeded in observing the absorption spectrum of 
the stvongly paramagnetie liquid oxygen in a field of sufficient in- 
tensity. O,, NO, and NO, are also of importance '). 


$5. Third series. Here chromium is of special importance. 
It derives its name from its coloured compounds, which mostly 
show dichroism and the well-known transmutation of colour with 
change of temperature. We examined: 

Chromium alum |[CrK(SO,),]; diluted green aqueous solution. 
At 18° light band 662,7—672,5; fainter band 688,1—726,4. A 
plate of alum 2 m.m. thick exhibited pretty narrow bands in 
liquid air, some of which were slightly affected by magnetism. 

Chromium-potassium ozalate [Cr, K,(C,O,), +6H,0]; strongly 
dichroitic (red-blue) small monoclinie erystals, which were cemented 
on a covering glass and ground to a thickness of about '/, m.m. 

Plane of polarisation || long sides: at 18° a bright band 698,1-- 
703,7; at — 193° it lay 696,4—701,4. 

Plane of polarisation L.long sides: at 18° bright band 697,5— 703,5; 
at — 193° it lay 696,4— 701,4. 

An aqueous solution exhibited at 18° a broad band 693,2— 702,3, 
the maximum of which lay at 695,4—699,3; moreover a very faint 
band 708,4— 711,0. 

A solution in glycerin had this broad band at 18° from 694,9- 
699,4. At a temperature higher than that of liquid air (roughly 
estimated at — 130°): faint band 659,3—664,9 (possibly not simple), 
faint band 669,0—671,2, stronger band 674,7—676,8; halfshade limit 
at 681,8. Very strong band 694,8—698,1, shade to 700,3; beginning 
of region of absorption 706,0 ?). 

“Chromium borax” obtained by melting together 5—15 °/, chromium 
fluorite with anhydrous borax, in the way of the borax-pearls used 
in analytical chemistry; ground, polished and varnished in order to 


!) E. WARBURG & G. LEITHÄUSER. Ann. d. Physik (4) 23, p. 209, 1907. 
2) E. WIEDEMANN, Wied. Ann. 5 p. 515, 1878. W. Larraık, Journ. f. prakt. 
Chemie (2) 47 p. 307, 1893. G. B. Rızzo, Nuov. Cim. (3) 35 p- 132, 1894. 
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prevent. decomposition On exposure to air: smaragdine amorphous 
plates about 3 m.m. thick. 

At 18 light band 673,7— 681,4; vague indistinet band 695,3— 736,9. 
At — 193° light band 672,6— 680,8 ; dimly defined band 692,3— 747,6. 

Natural emerald. |Be, Al, (SiO,),]; hexagonal, coloured by a few 
permilles Cr,O,; sensibly dichroitie (grassgreen-seagreen). Worthless 
light green specimen not quite transparent, provided at the laboratory 
with parallel facets, thickness 6 mm. 

In the ordinary spectrum at 18° rather strong band 679,0-— 
680,7; somewhat stronger band 682,4—-685,0; at — 193° strong 
band 678,2—679,5, and still stronger band 681,8—683,4. 

In the extraordinary spectrum the bands were much paler but 
at the same places, their relative widths being interchanged. 


$6. Rudy. [Al, 0,]; rhombohedral, solid solution of a little Cr,O,; 
dichroitie (purplered-brickred). By the kindness of Mr. M. A. WoLrr— 
DE BEER, manager of the Amsterdam diamond factory, several natural 
and several artificial rubies were placed at our disposal. The last- 
mentioned rough material is imported from Paris in the form of 
cones '); by cleaving them we got pieces of about uniform colour 
and crystallographice orientation, as is to be observed by means of 
the dichroscope. With carborundum a square plate (7” X 7xX3 mm.) 
was ground and polished at the laboratory, a side of which con- 
tained the direction of the axis; most of the experiments were made 
with it. There is no reason to suppose that natural ruby would 
show other properties than the artificial material. 

This stone absorbs green and yellow light. In the above investi- 
gations of J. BECQUEREL we only found it briefly stated that “a group 
lying between 657 and 676 disappears in liquid air, that the band 
at 697 becomes thinner and the band at 705 broader and intenser 
than at ordinary temperature;’”’ no mention is made of any magnetic 
influence °). 

Further ruby was more ciosely investigated by Mıkthe, who found 
the two principal absorption bands at 694 and 696, with a breadth 
of about 0.4 uu, besides 6 bands of less importance. Moreover he 
described the remarkable tluorescence spectrum; the latter we have 
no further examined, as Prof. Mıwt#z intended to proceed with his 
experiments on this subject °). 


1) M. Duo, Compt. Rend. 134 p. 840, 1902 ; A. Verneviz, ibid. 135 p. 791, 1902. 
2) J. Becquerer. Physik. Zeitschr. 8 p. 932, 1907 (Sejt'. 
3) A. Mıierue, Verh. D. physik. Ges. 9 p. 715, 1907 (Nov.) 

40 
Proceedings Royal Acad. Amsterdam. Vol. X. 
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$ 7. With the speetrometer we found in the ordinary spectrum of 
ruby: At 18° strong band 692,4—692,6; very strong band 693.9— 
694,2; at — 193° strong line 691,7, stronger line 693,2. So with 
decrease of temperature a displacement of 0.7 uu takes place towards 
violet, the mutual distance of the double line retaining the value 
1.5 un, however, as it is also found between the centre-lines of 
the two bands. In the extraordinary spectrum, at 18° band 692,5, 
fainter band 694,1; at —193° faint line 691,7, fainter line 693,2. 
In both spectra about 8 more bands of less importance, which cannot 
all be discussed here. 

In the extraordinary grating specetrum the bands have faded away 
so much that an exact observation is impossible ; hence only the 
ordinary specetrum was observed here. Though the bands are not 
sharply defined, they were estimated at about the same breadth by 
the two observers, viz. at 18°: band 692.5 at 0.23, band 694,1 at 
0.33 un. In a longitudinal magnetic field, estimated at about 30 
kilogauss the breadths amounted to 0,37 resp. 0.49 uu in a situation 
slightly shifted towards violet; the increase in breadth was therefore 
0,14 and 0.16 uu respectively. 

With unpolarised light the phenomena were pretty much the same 
as the photo shows; it was obtained on a “Lumitre B-plate” sensitized 
for red light with alizarin blue and nigrosin with an exposition of 20 
minutes: 1. indicates the position of the ruby bands in the solar 
spectrum ; 2. those in the arc-Jamp spectrum outside the field; 3. 
the same in the field. The apparent broadening is evidently caused 
by a doublet of vaguely outlined bands, as sufficiently appears from 
the connection with what follows. 

If the ruby was cooled down to about —193°, band 692,5 appeared 
to contract to a breadth of about 0,06, band 694,1 to 0,08 uu. In 
fact they have then become absorption lines, which though thicker 
than FRAUNHOFER lines, are yet no broader than e.g. those of a dense 
sodium vapour; by this gradual transition any distinetion between 
absorption bands and lines vanishes. 

In the field an ordinary ZExMAN-effeet was now observed as follows : 
line 692,5 resolves into two components at a mean distance of 
0,25 uu, the space between somewhat less bright than the spectral 
background ; the components of line 694,1 had a distance of 0,35 un 
with a somewhat darker space between; possibly due to the inter- 
mediate lines of a quadruplet; for both a slight displacement 
towards violet was to be perceived. So the separation at —193° 
seems to be greater than the above broadening at 18°. These nume- 
rical determinations cannot yet be considered as definite or accurate. 


H. E. J. G. DU BOIS and @. J. ELIAS. The influence of temperature and 


magnetisation on selective absorption spectra. 


l. Ruby bands in the solar spectrum. 
2. Ruby bands outside the field at 18°. 
Ruby bands in the field at 18°, 
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The phenomenon was very clearly visible, and the amount of the 
separation is evidently pretty large. Cbiefly in consequence of rime 
only a short observation was possible, which frustrated photographing 
with long exposition. Our ’/, plate proving unfit, we could not yet 
determine the circular polarisation ; nor did our arrangements allow 
the observation of a transversal effect for equatorial direction of rays; 
we hope to be able to remove these diffieulties in course of time. 


$ 8. Of the other metals of the third series there exist among 
others also the following compounds with characteristie absorption 
spectra'): Sapphire, CoCl,, KMnO,, FeCl,, the last mentioned with 
strongly negative rotation, and some compound rhodanides. Of these 
we examined: 

Cobalt-ammonium rhodanide [(NH,), Co (CNS),) in rather diluted 
alcoholie solution: at 18° dimly outlined band 594—663; limit of 
absorption at 696. At —193° the blue solution became solid, but 
remained transparent, though of a paler colour; the bands become 
narrower as the temperature falls; at last vague bands are seen 
580—586, 597—605, and 618—620; shade up to 645. 


$ 9. Fifth series. This now includes, arranged according to incre- 
asing atomie weighis from 140 to 175: Cerium, Praseodymium, 
Neodymium, Samarium, [Europium], Gadolinium, | Terbium, Dyspro- 
sium], Erbium, Yitterbium ’); the three placed between brackeis 
were not yet obtainable in 1899; the compounds of the others then 
proved strongly paramagnetic, with a maximum for erbium. The 
visible absorption spectra of the metal compounds printed in italies 
exhibit the well-known highly selective properties; possibly an accu- 
rate investigation would yield a similar result also for the “white” 
compounds of Ce, Gd and Yb, perhaps only in the ultra-violet or the 
infra-red speetrum. We have confined ourselves for the present to 
compounds of neodymium and erbium, which had been used for 
the magnetic measurements in 1899. We wish to express our 
indebtedness to Prof. Rosen#eım and Dr. R. J. Meıser for their kind 
assistance in this special chemical department. 


1) C£. J. M. Hırsenvaar, thesis for’ the doctorate, Utrecht 1873. 

2) Cf. R. J. Messer, Handb. der anorg. Chemie 3 p. 129—338, Leipzig 1906. 
Scandium, Yitrium and Lanthanum have lower atomie weighis and diamagnetic 
compounds. Holmium and Thulium have not yet been sufficiently chemicelly deter- 
mined. Further the following investigations have lately been published on the 
absorption speetra: W. Rech Zeitschr. wiss. Photogr. 3 p. all, 1906; — Heen 
SCHAEFFER, Physik. Zeitschr 7 p. 822, 1906; B. SCHAEFFERS. m 1907. 
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Neodymium nitrate [Nd (NO,),. 6 H,O]. The water of erystallisation 
is expelled during moderate heating, and on cooling a fine rosy-red 
amorphous transparent mass is retained, which remains unchanged 
for some time. In course of time a kind of erystalline light foam 
deposits on the surface and the walls of the test-tube attended by 
absorption of water, which foam could be collected and be pressed 
into thin films by the aid of zapon-varnish. 

The amorphous nitrate exhibited numerous bands, among which a 
rather well defined one at about 625 (with companion 626). At —193° 
it had a breadth of 0,3, in a field of about 25 kilogauss one of 
0,4 uw. By chance we noticed that the erystalline nitrate foam at 
—193° exhibits much narrower bands than an amorphous layer of 
the same thickness; among others in the neighbourhood of D: 
577.0, 578.7, 579.7, 582.0, 583.0; the three last of these have a 
breadth of about 0,15 un; in the field a very slight, hardly mea- 
surable broadening seems to take place. The 5 sharply defined bands 
in the green between 500 and 525 behave in an analagous manner. 

Neodymium magnesium nitrate |2Nd (NO,),. 3 Mg (NO,),. 24 H,O]. 
Yields analogous products when treated as before. 

It has a very complex absorption spectram with a great number 
of-narrow bands, which are very pronounced particularly at-the 
temperature of liquid air. Particularly worth mentioning is the 
following, observed with a thickness of about 10 m.m. of the amor- 
phous mass: 

At 18° a region of absorption extending from 499.2 —537.7, con- 
sisting of 499.2—513.9 very strong band, very badly defined towards 
violet; 516.9—528.2 very strong band, then shade ; and 534.3 narrow 
faint line; 535.6—537.1 band with maxima 535.6—536.4 and 
536.7—537.1. 

At —193° this region extends from 498.1—526.6 and consists: of 
498.1—512.6 very strong band, then bands at 513.7—514.1, 514.7 
— 515.3, 516.1—516.7, then shade, 517.6—518.5 band, then again 
shade, and 519.2—526.0 very strong band. 

Another remarkable region extends at 18° from 616.9—- 629.3, 
which consists of 616.9—618.9 faint band; 621.0—622.9 ditto; 
624.8—626.9 pretty strong band; 628.3—629.3 very faint band. At 
— 193° we see what follows: 616.7—617.6 faint band; 618.9 thin, 
faint line; 621.1—623.0 faint band; 624.7—625.1 band with strong 
fine centre; 625.9—626.4 ditto; 627.1 thin faint line; 628.6 -699.5 
faint band. 

In thinner layers these regions diverge even more; e. g. a rather 
narrow absorption region branches off from the region 560.1—587.5 
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on the red side, which, with decrease of temperature first becomes 
more distinet, but then vanishes at still lower temperature. Also for 
this double nitrate the erystalline foam exhibited more sharply defined 
bands at — 193°; the_5 bands in the green from 500 —525 parti- 
ceularly the first and, the fourth were broadened in the field. 

Neodymium borax, obtained by melting together about 5—10°/, 
neodymium oxide with anhydrous borax; pink amorphous mass. 

With decrease of temperature the spectrum is also subjected to 
important modifications, but displays in general wider bands than 
the preceding one. Analogous in this respect are: 

Neodymium glass, prepared for us by the firm of Schott & Co. at 
Jena (V.S.5255 and 5256), with 15°/, and 20 °/, cerite; it contains 
so much neodymium that it has a pink colour, and exhibits strong 
selective absorption. 


$ 10. Erbium nitrate [Er(NO,),. 6H,0]. By evaporation of the 
solution this, too, may be obtained as an amorphous transparent 
mass, which has an absorption spectrum rich in narrow bands, 
which, however, has not yet been further examined. 

Erbium magnesium nitrate |2 Er(NO,),. 3Mg(NO,),. 24 H,0). 

Treated just as the neodymium sait; yellow transparent mass; 
readily absorbs water of erystallisation and becomes crystalline and 
opaque. 

Like the preceding salt it shows a very complex spectrum, of 
which the following groups, measured for a sample of about 10 
m.m. thickness, are particularly noteworthy: E 

At 18°: 514.5—527.3 group of bands, consisting of three intense 
bands, at 516.9—517.2, 517.7—519.5; 520.5—521.7. At —193° 
this becomes as follows: 513.7—521.8 group of bands, consisting 
of: 513.8—514.0 bands; 514.8—514.9 intense band; 515.1-—515.7 
band ; 516.3—517.2 intense band; 517.7—519.3 intense band ; 520.1 
faint band; 521.0—521.8 intense band.. 

At — 193° a number of double lines in the red are of impor- 
tance, the prineipal of which lie at 641.4 and 642.6; 643.7 and 
645.6; 647.7 and 649.4. At 18° these lines have entirely vanished. 

The whole visible speetrum’ of this salt contains about 40 bands 
and lines, partly very faint, wlich vanish for a thinner layer. 

Erbium borax obtained by melting together 15—20°/, erbium 
oxide with anhydrous borax; yellow, amorphous, transparent. 

Here decrease of temperature has not so important an influence. 

The most remarkable group of bands, extending at 18° from 
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516.7_525.6 contains three banıls at 516.9—-517.2; 518.0— 519.1; 
520.6— 522.2. 

At — 193° this group extends from 516.2—523.9 and then 
exhibits three bands too, at 516.6—517.0; 517.8—519.0 (these two 
pretty sharply defined); 520.4--522.4 (less sharply defined, perhaps 
double). 

Erbium glass was prepared for us by the firm Schott & Co. at 
Jena (V.S. 5257, about the same as V.S. 3524). 

It shows some narrow, not very sharply defined bands. 

The well-known group of bands in the green extends at 18° from 
516,8—523.0, and consists of: 517.0-- 517.3 band; 517.8 line; 
518.4—518.9 band; 519.1 indistinet line; 520.0—520.2 band; 
521.1—521.8 band. 

At —193° it extends from 516.5—522.6 and shows what follows; 
516.5—517.2 band; 517.9 line; 518.2—518.6 band; 519.0 line; 
519.8—520.0 band; 521.0—521.2 band; 521.38— 522.3 band. 

Further the following lines are found at —193°: 

648.9; 651.6; 655.5; 657.6, all faint. At 18° faint bands are seen 
at 650.0 —654.0 and 656.4—661.1. 


$ 11. Seventh series. We have until now- investigated: 

Uranyle nitrate |UO,(NO,), + 6H,0], monoclinie erystals, not 
sensibly dichroitic; ground plate 2 m.m. thick. In the blue the well- 
known bands, of which we mention: at 18° two faint undefined 
bands 467.5—471.6 and 484.9—488.0; at —193° strong band 467.9 
— 469.7 (possibly not simple), shade to 470.3; strong sharply defined 
band 484.5—484.9, then shade; idem 485.3—485.7, shade to 486.3 


Berlin, Febr. 27, 1908. 
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zursjes, — “On the measurement of very low temperatures. XIX. 
Derwation of the pressure coefficient of helium for the inter- 
national heliumthermometer and the reduction of the readings 
on the heliumthermometer ‘to the absolute scale”. Communi- 


cation N°. 102° from the Physical Laboratory at Leiden. By 
Prof. H. KAMERLINGH ÖNNES. 


$ 1. Pressure coeffieients of helium. As the absolute zero is known 
with sufficient accuracy — from the Leiden observations on hydrogen 
may be derived T7%osc.= 273°.10 K.') a value which, because it 
agrees with other determinations, is probably not far from the 
true one — we may by means of the virial coefficients Ba for 
helium at 0° C. and 100° C., determined in the preceding communi- 
eation (102°), derive the pressure coefficients of helium at different 
densities for this range of temperature. For the pressure coefficient of 
the international helium thermometer ?) i.e. the mean relative pressure 
coefficient from 0° C. to 100° C. for helium with the density 


OOaX, N ". 
belonging to the zero pressure of 1000 m.m. [ “]: or for 
shortness ;«,, the formula 

100 
AA, X 0.36617 + (Ba,100oc. — Base) Tg 
1009... = Fr ER SENT) 


AA, + B4o° c. 76 


yields 


Be D.008A 18. 


If one considers that according to table Il of Comm. N’. 102« 
the isotherm of 0° gives rather large values for Obs.—Comp., 
then it seems that the isotherm of 20° C., where the Obs.—Comp. 
are only small, are more reliable for the derivation given above. 


!) In Comm. N°. 1015 the value, 273°.08 is found, but as will be explained in 
Comm. N?. 102/, an erratum to Comm. N®. 975 XV, the pressure coefficient 
0.0036627 for hydrogen at 1090 mM. must be restored instead ofO 0036629 which 
was derived in the above mentioned communication and used for a certain time. 
It is to be noted that the difference introduced by this recalculation is not greater 
than the other observational errors. The small differences between some numbers 
of this communication with the Dutch’ text are the consequence of this correction. 

2) The scale of the hydrogen thermometer of constant volume at 1000 m.m. 
zero pressure is generally called the scale of the normal hydrogen thermometer 
(this was also done in Comm. N°. 975), As 0°C. and 760 m.m. are accepted as 
the normal state for gases, it seems to me preferable to call the scale just mentioned 
the scale of the international hydrogen thermometer. In the same way we must 
Speak of the international helium thermometer. 


( 5% ) 
ar? 
Therefore I have calculated [ a 1000 mm. by means of the 
data for 20°C. and 100°.35 C. With negleetion of the deviations from 
the absolute scale for the hydrogen thermometer at 20°C., Ba,00c. 
was determined by means of rectilinear extrapolation. This gave 
DE v0. — 0.0,499, 
whence 
Aa, — 0.99950. 
With these new data we derive from formula (1) of this section 


He, — 0.0036616. 


From the data for Ba of table II of the preceding Comm. and 
Tooc.=273°.10 K we may determine in the way mentioned in $ 2 
of Comm. N’. 97° the corrections of the readings of the helium 
thermometer of constant volume with a given zero pressure to 
the absolute scale. They have been calculated for a zero pressure 
of 1000 m.m. and are combined in table I where the remaining 
columns have the same signification as the corresponding ones of 
table XVI of Comm. N’. 975. 


TABLE I. Correction of the international helium 
thermometer to the absolute scale. 


[) 108.B’r (AM), (49, 


0°(a) | + 0.513 
0°(6) | + 0.500 
— 4103°.57 | + 0.544 | + 0.0034 | — 00.006 
— 182 .5 | +0.532 | + 0.058 | +0 .002 
— 216 56 | + 0.463 | + 0.052 | +0 .010 


1009.00 + 0.492 


The corrections indicated with (a) are derived by means of the 
values of B4.0°c. from the direct determination, for (0) we have 
used the value which is recaleulated with B420° (comp. the preceding 
Comm.). It is probable that on account of what has been said in the 
preceding section those of column (b) are the most reliable. 


$ 3. Determinations of other observers. 
For a comparison with the results of the two preeeding sections 
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we can only use the determinations of TrAvERS, SENTER and JACQUEROD.*') 
They have found: 

1st. for the pressure coefficient of the helium thermometer at 700 

0OC=1009C 
m.m. zero pressure Fr av Ir = 0.00366255 which agrees with 
09C—100°C 

0.0036628 for [ a, ; and 

2nd, for the difference between the indications ofthe helium thermo- 
meter Zjp and the hydrogen thermometer Zr, (each of about 1000 m.m. 
zero pressure) at the boiling point of oxygen (Zır, — Lıre)—ı80° c. = 0°.10, 
and at that of hydrogen (tır, — tir.)—252°c- = 0°.20, which differences 
are so considerable that CALLENDAR ?) concludes thence that the correc- 
tions of the helium thermometer to the absolute scale are negative. 

The two results which strongly deviate from mine may be readily 
explained if one adopts that tlıe determination of the coefficient of pressure 
variation of helium by Travers, SENTER and JACQUEROD has not yielded 
the true value. For if the differences in indieation found by them 
between their helium- and their hydrogen thermometer are reduced by 
means of the corrections of each of these thermometers to the absolute 
scale which are given in Comm. 100” and in Table I of this Comm., to 
the difference in readings on the absolute scale, which are found at 
the same temperature by means of the hydrogen thermometer which 
gives An, and by means of the helium thermometer which gives 
@ye, there remains at — 182° a difference 

(dir, — 9ue)—-ı82° = 0°.10 — 09.049 — 0°.002 = 0°.05 
while by extrapolation of the corrections found to — 217° for — 252° 
one would find 
(Bu Du) = 0°,20 — 0°.12 — 0°.02 = 0%.10. 

When caleulating the temperatures &p, and Ze the investigators 

mentioned have taken the pressure coefficient of the helium ther- 


H 
mo;neter ( '«) to be equal to that of the hydrogen thermometer 
& Travers 


at the same zero pressure (for 1000 m.m. therefore 0.0036626 
according to our value of Comm. N’. 60). If the corrections applied 
by me are right that pressure coeflicient ınust therefore, at — 182° 
in order that 4, — Om. =0 be diminished by 0.0000010 so that 


= 0.0036616 
ı 


1) Phil. Trans. Ser. A. Vol. 200 p. 105—180. Kurnen and Ranpaıı (Proc. Roy 
Soc. Vol. 59) have made a delermination, which, being only intended to show 
whether ihe helium behaved normally, is not made to the high degree of accuracy 
which is required for a comparison with isothermal determinations. 

2) Phil. Mag. [6] 5. 1903. 
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and in order Aın,— Pi at — 252° by 0,0000013 to that 
= 0,0036614. 


The first value which has been derived without extrapolation and 
which is therefore the most reliable, appears to agree perfeetly with 
the one derived by me from the isothermals in $ 1. 

With regard to the method of derivation followed here we may 
remark that it allows of a fairly large aceuracy. Though the certainty 
of the determinations of temperature on which it is based may be 
doubted to {he absolute value, yet the only difference which comes 
into account here is known with suffieient certainty. The caleu- 
lation mentioned above therefore not only gives an explanation of 
the too large differences found by TraveErs, SENTER and JACQUEROD, 
but is also a weleome control for the eoefficient of pressure variation 
of helium found in section 1. 


Physics. — “The absorption spectra of the compounds of the rare 
earths at the temperatures obtainable with liquid hydrogen, 
and their change by the magnetic field’, by Juan BECQUEREL 
and H. KAmERLINGH Onnes. Communication N°. 103 from the 
Pbysieal Laboratory at Leiden. 


$ 1. Introduction. The investigations of one of us (J. B.)') proved 
that the absorption spectra of the compounds of the rare earths, 
cooled down to the temperature of liquid air, may serve to acquire 
new data for the nature, the number, and the motion of the electrons 
which play a part in the formation of these spectra. So it seemed 
to us of great importance to continue these investigations at the 
temperatures obtainable with liquid hydrogen, which are so many 
times lower and seem particularly adapted ?) to reveal the forces which 
the ponderable substance exerts on the electrons. For this purpose 
the apparatus used at Paris for the observation of the spectra were 
conveyed to the eryogenic laboratory at Leiden, so that we were 
enabled to obtain some three hundred of spectrograms which re- 
present the observed phenomena. The study of these photographs 
will take a long time; we shall therefore confine onrselves on this 
occasion to the communication of some facts which immediately draw 
the attention. 


!) Jean Becqurrer, Radium IV. 9, p. 328 and IV, 11, p- 385 (1907). 
?, H. Kameruinoh Onnes, The importance of accurate measurements at very low 
temperatures. Comm. of the phys. lab. of Leiden Suppl. no. 9, p. 25 sqq. (1904). 
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$ 2. Apparatus. In the first place a few words about the arran- 
gement of the experiments. It was the same for the experiments 
without and with the magnetic field. The erystals, fixed with wax ona 
small piece of platinum-foil a, (a,, a, fig. 3°, Pl. T),, which was carried 
by a rod a,, were immersed in liquid hydrogen in a double-walled 
tube (db fig. 2, fig. 3«), which is the continuation of a non-silvered 
vacuum glass d,, which contained liquid hydrogen and which 
is surrounded by another double-walled (c,., c,,) tube c, also the 
continuation. of a non-silvered vacuum glass with liquid air, on 
which it rests on pieces of cork d,. A clearance of '/, mm. between 
the two glasses (fig 3”) proved sufficient to allow the liquid air to 
cireulate along the hydrogen tube. This proteets the hydrogen so 
effectively from access of heat that the evaporation is insignificant, 
even when the {wo tubes are placed between the hot coils of the magnet 
and the crystal is exposed to strongly concentrated electric light. 

The walls of the narrow part ofthe tubes are very thin, and because 
ihe radiation of heat is independent of the distance of the walls they 
have been brought to an exceedingly small distance from each other 
(0.5 mm.), but without being anywhere in contact. Owing to the 
skill of Mr. KesseLring, glassblower of the laboratory, who succeeded 
in doing this, we had at our disposal a tube of 4 mm. inner diameter 
filed with liquid hydrogen, protected by a tube of liquid air, the 
outer diameter of which is no more than 8 mm., which allows us 
to bring the poles of the magnet sa near together that very strong 
fields are obtained even with hollow poles.'. 

The hydrogen tube must be closed hermetically. For this purpose 
it is fastened in a cap, d, which may be adjusted by means of a 
levelling board, /, with screws and sliding groove. The tube is brought 
from below into the cap, where it rests against a wooden cylinder, 
within d, (fig. 2), and it is fastened with a thin rubber ring e,, which 
lies round d, doubled over and is turned down when the tube is 
put in. To ensure tightness a rubber solution is put between ring and 
glass, and the rubber is pressed tight against the glass and the cap 
with copper wire. The cap is provided with: 1. the tube d,,, to 
which at d,, a head with packing cap d,, is screwed, in which the 
rod a, can turn (by means of «,), and move up and down (by means 
of the nut d,)- 2. a tube d, to siphon over liquid hydrogen as 


1) Instead of the usual poles of the Weiss magnet we have used auxiliary 
pieces, Pso (see figs. 2 and 3), which prolong the cone to a section of 6 mm. 
diameter, with conic perforations, which have a diameter of 3 mm. on the side 


of the erystal. 
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indieated in Comm. N’. 94 from the supply bottle into the apparatus, 
which tuhe is elosed in other cases with a rubber tube with 
cock. 3. an outflow tube d, (fig. 2), which leads along cock & 
(fig. 1 and fig. 4) to the gasholder with pure hydrogen, to a safety 
tube / (fig, 1), along %, to an airpump, and past k, to the vacuum 
bottle », from whicl the liquid hydrogen is siphoned over (the ope- 
ration is elucidated by the diagrammatic fig. 4, which does not call 
for a further description). 

We first have convinced ourselves that when the air has been 
exhausted from the hydrögen tube surrounded by c, this tube exactly 
occupies its place between tlıe poles, without being strained by the sup- 
ports gaand i, when these have a suitable position, we then fill it along A, 
with hydrogen from the gasholder, exhausting it repeatedly, then 
we pour liquid air through a funnel with filter into d,, which is 
covered with some cotton wool. The apparatus is then filled with 
liquid hydrogen through d,. In order to pass to the melting 
point of hydrogen, %k, is opened till crystals appear on the 
surface of the liquid hydrogen, through which the gas bubbles 
which rise from the heated crystal, are seen to make their way. If 
the apparatus has been filled in the way described before, observations with 
the erystals may be made uninterruptedly for several hours. The pre- 
cautions taken to prevent mixing of hydrogen and air are indis- 
pensable. Air entering the apparatus, would sink down, and be sucked 
up in front of the crystal as soon as the magnetic field is applied, 
and intercept the light. 

For every filling of the apparatus '/, liter of liquid hydrogen from 
the supply is generally used, and it was sufficient to do this twice 
a day to be able to observe all the day in case of ordinary as 
well as of low pressure; twice a week a quantity of 5 liters was pre- 
pared for these experiments, which was just sufficient to fill the appa- 
ratus also the second day after the preparation. As it was impossible 
to entirely prevent the hydrogen which evaporated at lowered pres- 
sure from being contaminated with air, it was not admitted again into 
the cycle. The hydrogen cycle proved its reliability by never failing 
us a single time in all these weeks. 


I. PHENOMENA WHICH DEPEND SOLELY ON THE TEMPERATURE. 


$ 3 Simplification of the spectra. On cooling to the temperature of 
liquid air (7’=85°) one of us had found!) that almost all bands 
become narrower and divide, some new ones also appearing. In 


1) JEAN BECQUEREL, |. c. 


( 595 ) 


general their intensity increases. The bands which decrease in inten- 
sity or which vanish altogether, are exceedingly few in number. 
The measurements on anomalous dispersion in the neighbourhood 
of some bands of tysönite had proved that this increase of inten- 
sity is not only the -consequence of the bands becoming narrower, 
but also of a modification which, according to the theory of eleetrons 
on the supposition of quasi-elastic forces, indicates the increase of 
the dieleetrie constant in every band, and implies that the number 
of electrons which determine such a band, has increased. 

Passing to the temperature of liquid hydrogen (7T’= 20)’, we saw 
‚some bands continue to increase in intensity, but also others which 
showed an increasing absorption with fall of temperature down 
to that of liquid air, decrease both in intensity and in breadth. There 
are even bands having appeared in liquid air, which become almost 
invisible in liquid hydrogen. An example of such a change with 
the temperature is furnished by the bands 523.5 and 479.1 of tysonite. 

The measurements of the anomalous dispersion in the neighbourhood 
of these bands had shown that the electrons belonging to these bands 
are about twice or three times as numerous at the temperature of 
liquid air as at the ordinary temperature. In liquid hydrogen the 
number has already become very small, and at the temperature of 
solid hydrogen (14°) hardly any electrons of this kind take part in 
the motion. Fig. 1, Pl. II, which represents the compensator fringes ') 
in tlıe neighbourhood of band 523,5 of tysonite at different tempe- 
ratures and with different thickness, allows us to measure the distur- 
bance in the fringe with regard to height and breadth. Figs. 2 and 
3, which we treat in $ 8 and ‘, and which represent the magneto- 
optic phenomena, may elucidaie this. 


$ 4. Maximum of intensity of every band for adefinite tempera- 
ture. It follows from the foregoing that several bands pass through 
a maximum of intensity with decrease ofthe temperature. In general 
the place of this maximum is different for different bands. When in 
the experiment with tysonite described in $ 3 we wait till the last 
traces of hydrogen evaporate from the crystal, immediately after 
when the temperature of the crystal rises, the band 523,5 is seen to 
greatly increase in intensity. Without doubt the maximum for this 
band lies at a temperature not far above the boiling point of hydrogen. 
All the crystals of xenotime, tysonite, parisite, apatite, monazite, didy- 
mium sulphate, praseodymium sulphate, neodymium sulphate, exhibit 


1) Jean BecquereL, Radium IV no. 9 p. 328. 
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similar phenomena. The green line 523,5 of neodymium which is 
exceedingly fine and sharp at 7’— 20°, has almost vanished at 7’ 14°. 

We have further examined the influence of the fall from 7’—= 1° 
to 7T—=58° by immersing the erystals in liquid oxygen boiling at 
the airpump. The change in this region is only slight. This confirms 
{he conelusion drawn from what was observed in heating from 
T—= 20° upwards that the maximum must lie near this latter tem- 
perature and at all events far below 7’= 58°. 

Naturally the question obtrudes itself whether those few bands, 
whose intensity diminishes between the ordinary temperature and 
that of liquid air, do not also pass through a maximum either between 
T=2W and T—= 95°, or at a temperature above 7’= 290°. It 
will be difficult to decide the question, because in consequence of 
the broadening and overlapping of ihe bands the change of each of 
these bands in itself escapes observation. 


$ 5. Change in width. In the previous experiments’) it had been 
found generally valid for all bands measured down to the tempe- 
rature of liquid air, that the width of the bands was proportional 
to the square root of the absolute temperature. This is the law 
which for the case of a gas may be deduced from the formulae 
formerly developed by LoRENTZ ?) 

When we pass io the temperature of liquid hydrogen this law 
appears to be no longer valid for some bands, whereas for others 
the order of magnitude of the change seems to remain the same. 
In the figures 1, Pl. II obtained by the method of the compensator 
fringes, it is very clearly to be seen, that 523.5 of tysonite is not half 
as broad at "= 20° as at T= 85°, as the law of the Y T would 
require. And it was this very band which had served to show 
experimentally, that this law held down to 7’= 85° with a high 
degree of approximation. 

The question whether there is a minimum of width, could not 
be solved yet. At first sight some bands do not seem to contract 
any further beiween 7’= 20°’ and T= 14°, two of xenotime seem 
even to get wider. 

With regard to the totality of the phenomena of change of width 
in liquid and solid hydrogen we may further observe that in these 
even more than in liquid air’) the spectra manifest a pronounced 


!) Jean BecqueErEL, Radium IV no. 9 p. 328. 
?, H. A. Lorentz. Kon. Akad. v. W. VI p 506 and p. 555 (1898). 


3) "hat tysonite and xenotime have this tendeney has been observed by JEAN 
BECQUEREL, Radium |. c. 


( 597 ) 


tendency to assume the character of gas spectra when the temperature 
decreases. Some absorption lines of praseodymium and neodymium 
sulphate, eleared of broad bands that covered them, are even finer 
than the D-lines. 22 


$ 6. The approach to a limit of the double refraction of erystals 
in the non absorbed parts of the spectrum. If we watch the bands, 
by the aid of which the doubie refraction is investigated, with change 
of temperature, we observe the following. If the erystal is heated above 
the ordinary temperature, they are greatly displaced. When the 
temperature is lowered to that of liquid air they move in the 
opposite direction. For a erystal of tysonite we have also examined 
them with further eooling with liquid hydrogen. In spite of the great 
difference of temperature the displacement is then hardly perceptible. 
This may point to the fact that the difference of the expansion of 
the erystals in the different direetions approaches a limit at very 
low temperatures. 


$ 7. Connection of the change of the absorption bands occurring 
at very low temperatures with the electronic theory. Already in $ 3 
we pointed out the connection Of the change of the bands: with that 
of the number of the electrons which are concerned with a certain 
band according to the electronic theory coupled with the assumption of 
quasi-elastic forces. The experimental problems raised by $3and$4 
may be defined as follows in the language of this theory '): to 
determine as functions of 7 on one side the number and on the 
other side the damping coefficient (proportional to the width of 
the band) of the electrons which belong to a certain band. We 
might make use of the position of the maxima to find mutually 
related bands, in the first place in the different spectra of one crystal. An 
investigation into the connection between what we already know about 
these funetions and what the change of the electrical resistance of the 
metals leads us to expect about the action of forces exercised by the pon- 
derable substance on the electrons naturally suggests itself.”) At very low 
temperatures we shall no longer be justified in considering the electrons 
as a perfect gas, but we shall rather have to compare them to a vapour 
which preeipitates on parts of the atoms (dynamides (LENARD)), and soli- 
difies at still lower temperature ’). When we approach these centres the 
paths of the electrons are subjeeted to changes which modify the free 


1) Cf JEaw BECQUEREL. Radium |. c 
2) H. KAMERLINSH ONNES. Loc. cit. 
3) A metal would become transparent at very low temperature. 
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ength of path in the same way as van DER WaALs’ quantity b is subjected 
to a change by the forces exerted by the molecules on each other. ') 

The three states of aggregation which we used just now as an 
illustration of the behaviour of the electrons, might perhaps be 
considered as referring to the stability of different paths of the elec- 
trons, and the quasi-elastie force might be connected with the 
conditions for the eleetrons moving in these paths. 

lf we further note that it is the ratio of the absolute temperatures 
on which the degree of change of the spectra depends (compare the 
transition from T=2%0 to T=14 with that from T’= 2% to 
T— 95), we may accept for the present as a heuristic image the 
idea that we may speak of corresponding states according to different 
units of temperature caused by mechanie similarity of the motion 
of the electrons round the centres. 


ll. PHENOMENA DEPENDING ON THE TEMPERATURE AND ON THE STRENGTH 
OF THE MAGNETIC FIELD. 


$ 8. Constancy of the change of the. frequency of vibrations 
under the influence of the magnetic field at all temperatures. 


According to the experiments made by one of us previously 
(J. B.), when a uniaxial crystal is placed with its axis in the 
direction of the lines of force and of the ray of light, some absorption 
bands are resolved into two components, which belong to the absorp- 
tion of two circularly polarized rays of opposite sense. The difference 
of frequeney of vibration of the two components had then proved 
to be independent of tlıe temperature. It follows now in a still more 
convincing way from the comparison of the divergence of the two 
bands at the temperature of liquid hydrogen with the divergence 
at the temperature of liquid air, that within the limits of errors of 
observation, the difference of frequency of vibration is entirely inde- 
pendent of the temperature. According to the theorv of LOoRENTZ 
‘this constaney of the divergence of the bands, which is observed 
both for those which behave in the sense of the Zurman-effeet as 
for those which behave in opposite sense, must be considered as 
proceeding from the invariability of the relation e/m. Accordingly 
the observations in liquid hydrogen seem to furnish a strong support 
to the argument in favour of the existence of positive electrons 
derived from the constaney of this quotient. °) 


!) Caleulated by Reınsanum according to the theory of Borrzuann. 
?) Le Radium tom V. p. 17 1908. 
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$9. Partial polarisation of the components of some bands. In a 
foregoing communication (CR. 19 Aout 1907) one of us (J. B.) has 
demonstrated, that the band 624,97 of tysonite becomes double 
in each of the two spectra of left-handed and right-handed eireu- 
larly polarized light,. which are obtained by means of a plate of 
a quarter wavelength and a rhombohedron. Therefore in both com- 
ponents of the magnetic doublet of the Sand the polarisation is not 
perfeetly eireular. The band behaves as if it were owing both to 
positive and to negative electrons with the same period of vibration, 
and the same ratio e/m, in which the number of positive electrons is 
to be put as the largest, because the strongest component belongs to it. 

At the temperature of liquid hydrogen the same phenomenon is 
observed with some bands which become at the same time fine 
and bright (fig. 2 Pl. I band 522. 1). In general the same thing 
is found on reexamining the spectra at the temperature of liquid air 
and at the ordinary temperature, though it is more difficult to see. 

Some time ago Durour again found the same phenomenon in emission 
bands of fluorcaleium put into the flame. 


$ 10. Asymmetry of the right- and left-handed components. The 
experiments at the temperature of liquid air had proved'‘) that 
when the rays of light run parallel to the lines of force the right- 
and left-handed components very often differ in strength. No regu- 
larity had been found in these differences, the asymmetry was now 
in one, then in the other sense. 

If we pass to the temperature of liquid, or better still, to that of 
solid hydrogen, the asymmetries, which sometimes change their sign, 
become exceedingly great; one component increases in intensity at 
the expense of the other, even to such a degree, that some compo- 
nents vanish almost entirely on the side of the greater wave lengths. 
An example is furnished by fig. 3, Pl. III referring to 654,2 and 
643,4 of xenotime, one component of which is very intense, the 
other very faint. Apatite shows the same thing. 

In solid hydrogen almost all the components which diverge towards 
the small wave lengths, become very sensibly intenser than those of 
opposite sign. 


$ 11. Variation of the magnetic rotation of the plane of pola- 
risation in the neighbourhood of the absorption bands. 


a. Simple bands. The experiments of MacAnuso’), H. BECQUEREL ?), 


1) Jean Becuuerer Le Radium V. No. 1. p. 9. 1908. 
2) CR. CXXVI p. 548, 1898. 
3) CR. CXXV p. 679. 1897 CXXVI p. 899. 1891. 
41 
Proceedings Royal Acad. Amsterdam. Vol. X. 
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ZerMan!) have proved that in the neighbourhood of the bands which 
exhibit the Zusman-phenomenon, the rotation of the plane of polari- 
sation on both sides of the band is positive, and in the inside of 
the magnetic doublet negative. The experiments made with uniaxial 
erystals?) with the axis placed parallel to the lines of force and to 
the beam of light either at the ordinary temperature, or at the tem- 
perature of liquid air, have proved that the regular change of the 
magnetic rotatory power with the wavelength of the light is sub- 
jected to a disturbance of the same kind on both sides of she band, 
and to an opposite disturbance at the middle of the band. This 
disturbance is positive outside the band for the bands belonging to 
negative electrons, and negative for the bands of positive electrons. 

At the temperatures of liquid and solid hydrogen the same pheno- 
mena are observed, at least when the asyınmetry of the left- and 
right-handed components is not: too large. In the neighbourhood of 
some bands whose components are very unequal, opposite disturbances 
are observed on both sides of the band — as is easily explained 
by means of the usual figures of the anomalous dispersion. These 
phenomena are clearly visible on the figures. 4 Pl. 1II and 5 Pl. IV. 

These figures have been obtained by a method which was already 
used in former experiments ’). Against the slit of the spectroscope a 
BABINET compensator was fixed between two crossed Nicols in such 
a way that the fringes were perpendicular to the slit. Before the 
compensator a plate of a quarter of a wave-length is placed in such a 
way that the two opposite eireularly polarized vibrations are changed 
into two rays rectilinearly polarized parallel and normal to the 
prineipal direction of the compensatör. The deviations of the fringe in 
the spectrum in the neighbourhood of the bands are proportional 
to the difference of phase of the circularly polarized rays in the 
erystal plate. 

In the figures we find for band 522.15 fig. 4 the symmetrical 
case, for band 523.7 fig. 4, and 642.3 fig. 5 the dissymmetrical 
case with disturbance in the same direction, for band 537 fig. 4, 
and 654.2 fig. 5 the opposite disturbance on both sides of the band. 

b. Compound bands. The phenomena of absorption at lower tem- 
peratures have shown that several bands may be resolved into two 
or more. These components behave differently with respect to the 
magnetic field, because some belong to positive, others to negative 


) Arch Neerl. VII p. 465. 1902. 


2) Jean Becquerer, Radium IV No. 2 p. 49. 1907, V Nö. 1 p. 5. 1908. 
?) Jean Becquerei, C.R. May 21 1906. 
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electrons. Therefore we meet with disturbances in the magnetic 
rotation which are different for the different bands, and whose 
effects are superposed. Thus two bands placed side by side, one of 
positive and the other of-negative electrons, may give rise to distur- 
bances in opposite direction in the dispersion of magnetic rotation. 
It is perhaps to this that we must look for the explanation of what 
is observed in band 577 of tysonite, which is elearly double in 
liquid hydrogen. 

In general we may say that with regard to the theory of the 
magnetic rotation for absorption bands, the conelusions drawn from 
experiments at the ordinary temperature do not lead to a definite 
result. For at the ordinary temperature it is uncertain whether we 
have really to deal with a simple band. On the other hand at the 
low temperatures, at which the bands become narrow, and their 
change in the magnetic field may be closely followed, it is easy to 
find the true explanation of the different types of disturbances in the 
magnetic dispersion of rotation for the bands in the different cases. 


$ 12. Magnetic rotatory power of the paramagnetic crystals. 
One of us (J. B.)!) had previously shown that the negative magnetic 
rotatorg power of the crystals of tysonite and parisite increases con- 
siderably with decrease of temperature. The rotatory power is about 
inversely proportional to the absolute temperature. If this is brought 
into connection with the law of Curız that the paramagnetic sus- 
ceptibility is inversely proportional to 7, it appears that the negative 
rotation of these erystals is probably a consequence of the increase 
of the paramagnetic polarisation of the crystal. 

If these crystals are placed in liquid hydrogen we find that the 
increase continues in the same way with decrease of temperature, 
and the rotatory power rises to exceedingly high values. The exact 
numbers will be given later, but in round numbers the rotation of 
the plane of polarisation of the blue light amounts to 150° for a 
plate of tysonite of 1 mm. in a field of 10000 Gauss at the boiling 
point of hydrogen. Xenotime, which gives a very slight rotation’ at 
the ordinary temperature, shows a considerable rotatory power in 
liquid hydrogen. 


$ 13. Connection between the ice of the asymmetry of the 
teft- and right-handed polarized components by the magnetic field at 
very low temperatures, and the electromie theory. 

In connection with $ 4 the phenomena taken together give rise 


1) Jean BECQUEREL, Radium. Tom. V, N". 1, p. 5, 1908. 
41* 
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to the supposition that for the paths of the electrons there exist 
‚ eonditions (fields) of stability, which are determined by the tempe- 
rature. The action of the magnetie force and the change in the rate of 
vibration would then bring about that some electrons enter these 
fields of stability or leave them, both changes occurring either in the 
direetion of greater union with or further separation from the centres 
which determine the paths, and the increase of this action at low 
temperature would be in connection with the small velocity. The 
influence on the stability of the paths, which is here considered, 
would be the same as manifests itself in the change by temperature 
of the number of electrons (see $ 7) which satisfy the conditions of 
the motions which may be ascribed to quasi-elastie forces. 

In this connection the question suggests itself if the greater sta- 
bility of vibrations in a certain direction will not give rise to 
paramagnetic properties. 


$ 14. Variability of the mass of the electrons with the direction 
of the movement. The theory of the magneto-optic phenomena in 
erystals (VoıGr '), JEAN BEcQUEREL ?)) leads to the following results. 

The magnetic field gives rise to certain connections between the 
motions of the electrons in the different prineipal directions of the erystal. 
Let us consider the simple case which is repeatedly met with, viz. that 
the corresponding bands in the different spectra oecupy the same place. 
In that case according to the theory the magnetic doublets will have to be 
symmetrical, and when the bands are sufficiently narrow to allow 
us to neglect the breadth, the deviations will be proportional to the 
square root of the product of the two magnetic constants which 
belong to the corresponding bands of the two spectra. If the beam 
of light and one of the prineipal directions 1, 2, 3 of the crystal 
are made to coineide with the direction of the magnetie field, those 
two of the three spectra of the crystal are observed which correspond 
with the vibrations normal to the lines of force. 

Observation shows that both for the uniaxial erystals of xenotime 
and tysonite and for the biaxial erystals of didymium sulphate, 
neodymium sulphate, and praseodymium sulphate (which last exhibits 
some lines in liquid hydrogen as sharp as vapour lines) the doublets 
of the common band have the same divergenee. A phenomenon of 
great importance is observed, when the speetra of vibrations normal 
to the lines of force are combined in different ways. If the 
directions 1, 2, 3 successively are placed in the direetion of the 


!) Nachr. Kön. Ges. d. Wiss. Göttingen Juli 1906. 
2) CR. 19 Nov. 3. 10. 24 Dec. 1906. Radium IV n’. 3 Mars 1907. 
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Fig. I. Anomalous birefrigency, tysonite, group in the green 2d spectrum (ROowLAnD grating), thickness op plate 
1.71 mM. in 1, 2, 3, 4 and 0.41mM. in 2 (in 2 the ordinary and extraordinary ray are inferchanged). 
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Fig. 2. Left- and righthanded vibrations in a field of 18000 Gauss nearly. Xenotime, group in the green, 
spectrum (ROWLAND grating). 
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Fig. 3. Left and righthanded vibration in 3 a field of 18000 Gauss nearly, Xenotime, group in the 
red, 24 spectrum (ROwWLAND grating); panchromatic plates of WRATTEn and WAINWRIGHT. 
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5237 
Fig. 4. Xenotime, group in the green, 24 spectrum (ROwWLAND grating) 
1. magnetic circulair birefringency, plate thick 0.80 mM,, field 15000 Gauss. 
2. images by rhombohedron before slit, the incident light polarized to give equal intensities to 
the regions in the transparent part in the middle of the group. Field 15000 Gauss. 
3, images given by rhombohedron before slit, incident light polarized under 45° with the horizon; 


field 18000 Gauss. 
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Fig. 5. Magnetic rotation of the plane of polarisation. Xenotime 2d spectrum 
(ROWLAND grating); thickness 0.80 mM,, field 18000 Gauss; (quarter of wavelength 
plate turned 90° in the one in respect to the other). 
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Fig. 6. Sulphate of Neodyme group in the orange, 2d spectrum ((ROWLAND grating) 
spectra of the vibrations: 
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earths at the temperatures obtainable by liquid hydrogen and their change by the magnetic field. 
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\Fig. 7. Sulphate of neodyme; spectra of vibrations in the directions , 8, y group in the blue, 24 spectrum (ROWLAND grating) 
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field, we get the combinations 2.3, 1.3, 1.2 for the. vibrations 
normal to the field. Experiment shows that the divergences of 
the pairs of doublets in these three cases are very different. 
Thus for a band of spectrum 1, the vibration being normal to the 
field, the magnetic doublet is different according as the direction 
normal to the field has the prineipal direction 2 or 3. The pheno- 
menon is clearly seen in the figure which represents the group of 
bands in the orange for neodymium sulphate at — 259°. Fig. 7 
Pl. V gives a survey of the phenomena of the changes with the 
temperature and the magnetic field in the blue of neodymium sulphate. 
According to theory it follows from this that each of the three diffe- 
rent directions has a different magnetic constant, and that therefore 
the vibrating system presents three different masses for the three 
kinds of vibrations. 

As the corresponding bands in the two spectra occupy the same 
or only slightly different places, it follows that in first approximation 
the constant of the quasi-elastie force in each of the three directions 
must be proportional to the mass in that direction. 


Physics. — “On the equation of state of a substance in the neigh- 
bourhood of the critical point hquwid-gas. 1. The disturbance 
Function in the neighbourhood of the critical state.” By 
Prof. KAmERrLINGH Onnes and Dr. W. H. Kresom. Communi- 
cation N°. 104° from the Physical Laboratory at Leiden. 


$ 1. The great compressibility of a substance in the neighbour- 
hood of the critical point liquid-gas and the properties connected 
with this, (such as the small variation of the thermodynamical 
potential at isothermal compression etc.) — which are derived from 
VAN DER WaALs’ original equation of state and better still from his 
latest considerations about the compressibility of a molecule ') — render 
it necessary that in deriving conclusions from observations in the 
neighbourbood of that condition we must take into account various 
eircumstances, otherwise unnecessary for the experimental investiga- 
tion of the equation of state of, a homogeneous substance consisting 
of one component, which investigation includes that of the quantities 
of saturation etc. 

lt is well-known that owing to the great compressibility the 
thermodynamie equilibrium is diffieult to attain, in fact it has often 


1) Comp. van DER Waaıs, Proceedings June '03, 
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happened that phenomena ') at the critical point have been described 
as abnormal and as being at variance with the views of ANDREWS- 
VAN DER Waars, in cases where the thermodynamie equilibrium 
had not yet been attained either because small differences in com- 
position had remained owing to the slow diffusion of very small 
quantities of admixture (Kvenen Comms. N°. 8, Oct ?’93, NEN 
May and June ’94), or because differences of temperature resulting 
from variations of volume in different portions of the substance 
during the passage from one condition of temperature and pressure 
to the next had not yet been equalized (KAMERLINGH ONNEs, Comm. 
N’. 68, March and April ’01 and Kamertinsn Onnes and FaBıus, 
N’. 98, May ’07). 

When the thermodynamical equilibrium is obtained either by 
keeping the substance in the neighbourhood of the eritical point 
during a long time at a constant temperature or by repeated rever- 
sals of the sealed tube containing the substance (Gour), or by 
stirriug it electromagnetically (KvEnkN) we must pay regard to the 
gravitation which on account of the great compressibility of the 
substance in that condition becomes of great influence ’) and also 
to small quantities of admixture which may occur and of which the 
nature and the quantity are known °). 

The consideration of these influences and those of capillarity and 
absorption phenomena near the walls of the vessel *), things which in 
other cases are hardly to be considered, is indispensable at the critical 
point liquid-gas for the determination of the experimental equation 
of state of a substance, i. e. the relation between p, v and 7 for 
a substance consisting of one component in thermodynamie equili- 
brium subject to no other external forces than the pressire on the 
walls of the vessel. 


$ 2. In this communication we- intend to bring into connection 
some peculiarities in the experimental equation of state in the 
neighbourbood of the critical state with the great compressibility 


!) For a survey of these phenomena comp. GRAETz, Wınkermann’s Handbuch, III, 
2te Aufl. p. 837. 


?2) Gouy. C. R. 115 (1892) p. 720 and 116, p. 1289. J.P. Kvenen, Comm. N°, 17 
May ’9. 

3) C£. Comm. N°. 75, Nov. ’01, N®. 79, March ’02, N, 88 Nov. ’C3 (KeEsonu), 
N’. 81, June and Sept. ’02, Suppl. NO. 6, Febr. and May ’03, N. 18, Dec ’04, 
N, 12, Jan. '07 (VerscHarrerr). On the influence of gravity a small quantity of 
admixture being present, cf. Kurnen, Cormm. N’. 17, May '95 and Keeson, Comm. 
N'. 88 VI, Nov. '03. 

#4) Comp. van DER Waars, }.c. p. 106 and 107. 
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in this area. Therefor we compare tlıe experimental equation of 
state of a substance near the critical point liquid-gas with an 
equation of state which we shall call the special undisturbed equation 
of state for that substance and‘ which is derived by adjusting 
interpolation formulae to observations in areas where no disturbances 
occur such as in the neighbourhood of the eritical point. 

For we presume to be able to derive from the results of data 
at our disposal that the experimental equation of state differs from 
the special undisturbed one by the presence of terms which for 
the, accuracy reached in the observations meant only deserve notice 
in the neighbourhood of the critical point, and which are intimately 
connected with the great compressibility in this area. We shall call 
the compound of these terms the disturbance function in the equation 
of state in the neighbourhood of the eritical point. 

In order to be able to derive from the special undisturbed equation - 
of state and the disturbance function at the critical state the con- 
ditions of coexistence, vapvur pressures, liquid and vapour densities, we 
must have investigated whether in that condition MAxwELL’s criterium 
for a substance consisting of one component may be applied unmo- 
dified or not. 

For the present we must include in this disturbance function the 
disturbances caused by admixtures which chemically may have an 
existence of their own, but which it was not possible to remove 
and which always occur in definite quantities, as long as the nature 
and the quantity of these admixtures are unknown. The investigation 
of substancees with small quantities of admixture') may help us 
towards a better judgment of the question whether this disturbance 
funetion may be entirely ascribed to admixtures which may exist 
separately. As long as this has not yet been decided it will be 
indispensable to pay regard also to admixtures which can have no 
existenee of their own but which may always occur as electrically 
charged particles, or as portions of the substance of greater density 
which may give rise to differences of density distributed as nebulous 
drops and which in this area might be kept up by capillary force. 
It will also be necessary to take into account differences of density 
depending on the statistie equilibrium. 

In order to arrive at some knowledge of such a disturbance 


1) Comp. p. 604 note 3. For the influence of small quantities of admixture of sub- 
stances of small volatility the following investigations are important: M. GENTNERSZWER, 
ZS. physik. Chemie 46 (1903) Ostwaıp Jubelb. p. 427, 6l (1907) p. 356; 
M. CEnTnERszwer and A. PAKALNEET, ibid. 55 (1906) p. 303, M. GENTNERSZWER and 
A. Kaunin, ibid. 60 (1907), p. 441. 
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function, observations of greater accuracy are required over an area 
which comprises the eritical state and also approaches it sufficiently. 
These observations must be accurate to within "go, a8 is usual 
in the Leiden laboratory in the investigations of bi- and monatomic 
substances and their binary mixtures, while the nature and} the 
quantity of the separable admixtures ought to be known to DR? 
of the whole mass '). 


$ 3. Our conclusion about the existence of a disturbance function 
in the equation of state in the neighbourhood of the critical point 
liquid-gas is based on the following data which may be arranged 
into three groups. 

a. In Comm. N’. 74 (Arch. Neerl. (2) 6 (1901) livre jub. BosscHA 
p. 874) has been pointed out that Amasar’s observations of the 
isothermals of carbon dioxide near the critical point show systematie 
devialions from the values derived from the special undisturbed 
equation of state. This equation of state was derived from the empirie 
equation of state introduced in Comm. N’. 71, June ’01, by choosing 
the virial coefficients so (Comm. N’. 74 $ 4) that the agreement with 
the observations over the whole area of observations is as good as 
possible while the agreement with the general reduced equation 
of state at a reduced temperature Ilying far outside the area of 
observation was retained. 

We get a similar series of observations if we compare the obser- 
vations of carbon dioxide in the neighbourliood of the critical point —- 
described in Comm. N’. 88 (Jan. ’04) — with the special undisturbed 
equation of state, while using the reduced virial coefficients V s. 1 
(Comm. N’. 74, p. 884) and the critical temperature and pressure 
found in Comm. N®. 88, 

It really appeared in Suppl. N°. 14,. Jan. ’07 (KAMERLINGH ÖNNES 
and Miss Jouues) that the eritical. quantities, derived according to 
Yo —=0, "he —=0 from the special undisturbed equation of state 
Vs. 1, show great deviations from those derived experimentally. 

A similar difference was found by Amasar (Journ. de phys. (3) 8 
(1899) p. 353) when he derived the densities of saturated liquid and 
vapour from the equation of state (containing 10 constants) formed 
by him for carbon dioxide. The curve which represents the densities 
caleulated thus as a function of the temperature, at lower tempera- 


\) For such an investigation carbon dioxide would be fittest owing to the com- 
parably small diffieulties in preparing it perfectly pure and keeping its temperature 
sufficiently constant, and also because much is already knowı about its equation 
of state over a large area. 
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tures coineides almost with the ceurve given by the observations: 
according as we approach the eritical temperature the caleulated 
curve shows a displacement towards the small densities with regard 
to the observed ceurve.- That this displacement is much larger than 
follows from the caleulation of Suppl. N°. 14 mentioned above must 
be ascribed at least partly to the eircumstance that Amacar probably, 
did not derive the liquid and vapour densities from his equation of 
state by means of the ceriterium of Maxwerı, but for shortness’ sake 
ealculated by means of his equation of state the densities for which 
p has the value for the saturation pressure furnished by experiment. 

b. In Comm. N°. 75 Nov. ’01 attention was directed to the difference 

between the €, = |; 6) |deriven from AMmAGAT’s net of isothermals 

1 
and the (,— F APeser 
p di 

salurated vapour pressure, which values must be equal for the 
undisturbed equation of state!). One of the reasons to undertake 
the observations about carbon dioxide of Comm. N’. 88, Jan. ’04, 
was the wish to obtain more certainty about these peculiarities 
in the behaviour of the substance in the neighbourhood of the 
eritical point (comp. l.c. p. 566). The same difference viz. C, = 7.12, 
C, = 6.71 followed from these determinations. BrınkMAN (Thesis 
for the doctorate, Amsterdam 1904, p. 43) confirmed this difference 
not only for carbon dioxide, but he also found it for methyl 
chlöride, while Mırzs (Journ. phys. Chem. 8 (1904) p. 594, 635; 
comp. also 9 (1905) p. 402) for ethyl oxide (Ramsay and Young), 
isopentane and normal pentane (Young) finds differences of 10 
percent between C, derived by means of the formula of Bıor 
for the saturated vapour pressures and C, which with regard paid 
to the regular variation of 5 with temperature ?), follows from the 
. data collected by Ramsay and Yoong (ethyl oxyde), Young (isopentane) 
and Rose-Innes and Young (normal pentane) in order to judge of the 
equation of isochors y=bT— a. 

c. In Comm. N’. 88, Jan. ’04, p. 575 table XXII the saturated 
vapour pressures of carbon dioxide between 25°.55 Ö. and the 
eritical temperature (30°.98 C.) are compared with the formula 
log re va = Th 

Pk % 
DM. Pıanck, Wied. Ann. 15 (1882) p. 457; comp. also Comm. N®. 75 8 3. 
The quantities CO, and C, are botb obtained by an extrapolation, 0, at v=vk of 
a higher temperature to T1., C, along the vapour pressure curve of lower To Tk. 

? S. Youse, Proc. Phys. Soc. London 1894/95, p. 602; comp. also Comm. 
Phys. Lab. Leiden No. 88 p. 54 note 1, Krzsom Thesis p. 86. 


resulting from his determinations of the 


which was obtained by keeping in the develop- 
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ment of loy p in ascending powers of 7! the second power '). 
While for the other temperatures | in the table BT the deviations 
did not exceed 0.01 atm. .—= 0.05 atm. 
was found for 30°.82 C.?). Although it was sten held probable that 
this deviation was to be aseribed. to an accidental error of observation, 
we have afterwards found {hat a deviation in the same sense and 
of about the same size also occurs in the results of other observers 
about saturated vapour pressures of carbon dioxide near the eritical 
point. 

A comparison of the results of Brınkman’s observations (Thesis 
Amsterdam 1904 pp. 41 and 42) of saturated vapour pressures of 
methyl chloride and carbon dioxide with the pressures derived by 
him according to a formula of the same form as the one mentioned 
above, yields the following differences : 
for methyl chloride (t; —= 143.°12): 


at 2—= 137.°54, 138.°92, 140.°26, 141.66, 142.02 
0O—CÜ= + 0.02, — 0.01, — 0.02, + 0.03, + 0.08; 
for carbon dioxide (4 = 31.°12): 
at t— 24.24, 26.°08, 28.46, 29.”86, 30-40 
0O—C = + 0.02, — 0.02, + 0.03, + 0.08, + 0.07. 


In both substances investigated one finds below the critical tempe- 
rature an obvious deviation resembling that found in Comm. N°. 88. 

The observations-of AmAgat, Journ. de phys. (2) 1 (1892) p. 288, 
of the saturated vapour pressure of carbon dioxide fail to give any 
definite indication about the question treated here because AMAGAT 
has rounded off the pressures to 0.1 atm. In connection with the 
preceding statements, however, it deserves attention that TsuruTa, 
Journ. de phys. (3) 2 (1893) p. 272, when comparing these data 
with the formula p = 34.3 + 0.8739? + 0.011352”, also there found 
an obvious differenee O—C at 31.°25 which exceeds by 0.06 atm 
that at 31.°35 (crit. temp. according to AMmacar). 

From the data mentioned here one might draw the conelusion 
that for carbon dioxide and methyl chloride the ceurve of the saturated 
vapour pressures, continued to near the critical point, with extrapo- 
lation to this point would lead us to expect a pr: somewhat larger 
than the critical pressure found experimentally. From tbe very careful 


!) In Physik. ZS. 8 (1907) p. 944, Bose went still farther and kept the third 
power in this development which had been given by Rankıne, Misc. Scientif. 
Papers pp. 1 and 410, 

?) As it appears from the columns Obs. and Comp. all the numbers in the column 
0.—C. have wrong signs. 


( 609 ) 


observations of Youne of isopentane Proc. Phys. Soc. London 1894/95, 
p- 613, however, a deviation as found above for carbon dioxide 
cannot be derived. 

It may be that some connection exists between the above men- 
tioned disturbance in. the saturation pressure in the imınediate neigh- 
bourhood of the eritical point of carbon dioxide and a disturbance 
in the observations of Comm. N’. 88 of the densities of saturated 
liquid and vapour of carbon dioxide. Plate I represents these densities 
dig and d,a», expressed in the theoretical norınal density. 5 (di A Osan) 
is also represented. The straight line is the line which was drawn 
for the determination of the ceritical volume after the method of the 
rectilinear diameter of CaıtLzeret and MarnHıs in Comm. N°. 88 
(comp. Comm. N’. 88 p. 574). The middle of the chord belonging 
to 30.8 lies clearly below this line. If for the determination of the 
rectilinear diameter only the three points at lower temperature are 
used, the difference is much larger. If this deviation cannot be 
ascribed to an error of observation, it would follow hence that the 
diameter of CaıneteT and MartnHıas for carbon dioxide shows a 
eurvature in the immediate neighbourbood of the critical point '!). 
Kos indicates the critical density which in Comm. N°. 98 (KAMERLINGH 
Onnss and Fasıus) was derived from determinations less than 0.°002 
deg. below the critical temperature. If we might assume that the 
carbon dioxide of Comm. N° 98 and that of N’. 88 possessed the 
same degree of purity, an assumption to which the agreement between 
the critical temperatures entitles, and also that the difference in the 
methods of density determination has not given rise to a systematie 
difference, then the situation of the point Ägs would confirm the 
curvature of the diameter in the neighbourhood of the eritical point. 

A similar disturbance as we remarked above for the saturation 
volumes of carbon dioxide in the immediate neigbourhood of the 
eritical point, cannot be derived either from Young’s observationg of 
isopentane (comp. Proc. Phys. Soc. London 1894/95 p. 636) or from 
those of normal pentane (Trans. Chem. Soc. 71 (1897) p. 455), 


ı) This eurvature is in another sense than the curvature found by Kuenex and 
Ropson, (Phil. Mag. (6) 3 p. (1902) p. 624) at lower temperatures in the diameter 
for carbon dioxide and which agrees with the general rule given by Youn« (Phil. 
Mag. (5) 50 (1900) p. 291) about this curvature „at lower ternperatures in con- 


RT R ; 
nection with the value of End the slope of the diameter as compared with 
! pro 


the temperature axis. 
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which are eontinued down to 0°.05 below the eritical temperature '). 
It would be very desirable to investigate more closely in how far the 
disturbances mentioned sub c are eonnected with a disturbance in 
the equation of state, or must be ascribed to special circumstances 
of those experiments themselves (such as the diffieulty to determine 
ihe moment at which begin condensation oceurs). 

$ 4. The disturbances mentioned in $ 3 apparently point to the 
fact that the substance in the neighbourhood of the critical point 
oceupies a smaller volume than would be expected according to the 
special undisturbed equation of state. In Comm. N°. 88 p. 555 the 
possibility is mentioned that these disturbances are connected with 
differences of density which oceur in the substance near the critical 
state, as it is indicated by the ınist (the blue opalescence) in the neigh- 
bourhood of that state. The question was left aside whether those 
differences of density are to be interpreted either as condensations 
round condensation centres with an existence of their own (dust 
according to KoNowALoWw °), electrically charged particles’) a third 
phase separated in small drops and for the greater part consisting 
of an admixture), or simply as spontaneously formed differences of 
density, either as accidental aggregations caused by molecular motion 
and governed by the statistic equilibrium (SMoLUCHOWSKI *), or because 
small drops still have a positive surface tension at temperatures 
at which larger drops are no longer stable (Donnan °). 

Whatever may be the cause of the blue mist, in all cases we may 
expect a close relation between the compressibility and the occur- 
rence of it. In order to form a better judgment about this matter 
it was considered to be desirable to start an investigation of the 
conditions of existence of this mist in a substance consisting of one 
component in the neighbourhood of the critical point liquid-gas. For 
an optical research of these conditions of existence we refer to the 
next communication. 

') Nor can a similar disturbance. be derived with certainty from Brınkman’s 
observations of carbon dioxide and methyl chloride, which observations, however, 
are not continued so near to the critical point as those of comm. N. 88, 

2) D. Konowarow. Ann. d. Phys. (4) 10 (1903) p. 360. 

3) Owing to the highly penetrating radiation from the radio-active portions of 
the erust of the earth (Eve, Phil. Mag. (6) 12 (1906) p. 189) in the atmosphere 
(Strone, Physik. ZS. 9 (1908) p. 170), or in the surroundings of the building 
where the experiments are made, these particles would always be present to 
almost the same amount. In the mean time it follows from the experiment of 
FRIEDLÄNDER ZS physik. Chem. 38 (1901) p. 385, on the stability of the mist in 
an eleetrie field, that the particles which cause the opalescence are not charged, 

#) M v. Smorachowskı, Ann. d. Phys. (4) 25 (1908) p. 205. 

5) F. G. Donnan. Chem, News 90 (1904) p- 139. 


Prof. H. KAMERLINGH ONNES and Dr. W. H. KEESOM. On the equation of state 
of a substance in the neighbourhood of the critical point liquid-gas. I. The 
disturbance function in the neighbourhood of the critical state. 
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Physics. 


“On the equation of state of a substance in the neigh- 
bourhood of the eritical point liquid-gas. II. Spectrophotometrical 
investigation of the opalescence of a substance in the neigh- 
bourhood of the critical state”, by Prot. H. KAMERLINGH ONNkS 
and Dr. W. H. Krssom. Communication N°. 1045 from the 
Physical Laboratory at Leiden. 


$ 1. Introduction. The spectrophotometrical investigation ‘) of the 
opalescence will have to give an answer to the question how the 
intensity of the light of a certain  wavelength scattered in a certain 
direction with respect to the incident light and included in a certain 
angle of vision, in connection with the polarisation state depends on 
the temperature and the density of the single substance in the 
neighbourhood of the critical point liquid-gas (cf: Comm N?. 104« 
$ 4. A first quantitative contribution to this investigation is given 
in this communication °). 

We have confined ourselves in this first investigation to the deter- 
mination of: 

1. for different temperatures the ratio in which the rays of light 
of different wave lengths at the same temperature are scattered in 
a certain direction ; 

2. the way in which the intensity of the light of definite wave- 
length scattered in a certain‘ direction and included in a certain angle 
of vision changes with the temperature. 

On the supposition a, that the light emitted by the blue mist is 
owing to the scattering of the incident light in consequence of part 
of the substance condensing to particles of the same size (e.g. spheres) 
round centres which are uniformly spread through the space, the 
results of the investigation mentioned under 1 will enable us to 
form an opinion on the size of these particles®), that under 2 on 
the way in which the total quantity of substance which has condensed, 
varies with the temperature. 


\) This investigation was carried out before the interesting article of SmoLUcHowsKI 
Aun. d. Phys. (4) 25 (Febr. 7, 1908) p. 205, appeared. We still had an oppor- 
tunity, however, to compare it with some parts of the text (c.f. also the preceding 
Communication). [Added in the English’ translation]. 

2) The colorimetric determinations of FrixDLÄNDER, ZS. physik. Chem. 38 (1901) 
p. 385 constitute such a contribution for a mixture of two liquids in the neigh- 
bourhood of the critical point of separation. 

3) Already FRIEDLÄNDER loc. cit. p. 438 called attention to the importance of 
such an investigation for the knowledge of the internal structure of the critically 


turbid media. 
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On the more general supposition 5, that the opalescence is the 
consequence of differences of density e.g. governed by the statistic 
equilibrium, which extend over parts of the volume of irregular 
shape and size, a distance can be pointed out which is connected 
with the average size of ihese parts of the volume and so with the 
substance being more or less coarse-grained in that state, and which 
determines the optical phenomenon in a similar way as the size of 
the partieles on supposition a. The investigation mentioned under 1 
will then enable us to judge about this distance. When in future 
we speak of the size of the light-scattering particles, we shall refer 
to this distance. In this case the investigation mentioned under 2 
will teach us something about the mean deviation of the density in 
these parts of the volume. This too will be implied in future in 
“the quantity of condensed substance”. 

The measurements made by us can, however, be only considered 
as preliminary ones. As, however, we have to put off the continuation 
of these measurements for some time, we think that we ınust not 
postpone the communication of these provisional results any longer. 


$ 2. The arrangement of. the experiments is represented in Pl. II 
fig 1. After having passed through a layer of water the light emitted 
by the’luminons body of the Nerxst-lamp Ner (70 HK) is concen- 
trated by the lenses Z, and Z, (to an image of = 1 e.M. height) 
in the tube #t filled with ethylene '). 

The light scattered upwards in the direction of the axis of the 
tube?) by the cloud is concentrated by means of the system of 


!) This was obtained by distilling over so much from the ethylene cireulation 
of the cryogenic laboratory into the glass tube with cock fused to it, which had 
been cooled in liquid air, and rinsed with ethylene, that after the gas phase left 
above the solid ethylene had been drawn off, and the tube was heated to the melting 
point, 1/; of it was filled. Then with the cock closed the tube was removed from 
the ethylene circulation, and fused together at a previously narrowed place while 
still partially placed in liquid air. When the temperature rose to that ofthe room, 
it appeared, when at 0? the rime cleıred away, that in the gas space a thin white 
deposit was visible on the wall, which evaporated some degrees below the critical 
temperature of the ethylene. 'This deposit points to the presence of an admixture 
which is slightly less volatile than ethylene (cf. Vırıarp, Ann. de chim. et de phys. 
(7) 10 (1897) p. 389). That it was not visible in the liquid space, probably points 
to a small difference in refrangibility with liquid ethylene. 

When we stirred, and then slowly cooled the tube to below the critical tempe- 
rature, the meniscus appeared in the top of the tube. 

?) The top of the tube is surrounded by a black cylindre in order to prevent 


rays of light received by this part from being reflected upwards, and being thrown 
into the spectroscope. 
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lenses Z,,Z, and Z,,Z, and the totally-refleeting prism Pr to 
an image of the beam of light crossing the ethylene tube on the slit 
of the spectroscope Sp (a direct-vision spectroscope of HiLGER-ÜHRISTIE 
giving a spectrum of great intensity '), in which an eye-piece slit has 
been made in order to confine a certain portion of the speetrum ; 
by ıneans of the screw ‚Ser, different portions of the speetrum may 
be brought into the field). A beam of the light emitted by the NErnst- 
lamp is thrown on the slit of the spectroscope by means of plane 
inirrors through the polarizing prisms Nic,, Nie,, Nic, (after having 
been first made parallel by lens Z,) and then through lens Z, and a 
totally-reflecting prism. The prisms Nic, and Nic, are rigid, which 
ensures that the light thrown into the spectroscope by the reflections 
on the mirrors with different positions of Nic, is reduced in the 
same proportion; the prism Nic, can turn round, and is provided 
with a graduated circle, which could be read up to 3°. The plane 
of polarisation of Nie, is horizontal so that the condition of polari- 
sation in the two beams thrown into the spectroseope agrees in the 
main’). The plane of polarisation of Nic, has been put parallel to 
that of Nie,. After the tube of ethylene had been brought to the 
required temperature, and the temperature of the room had been 
regulated in such a way that the temperature of the tube of ethylene 
(read to 0°.O1) could be kept sufficiently constant (up to some hund- 
redths of a degree) by the addition, when necessary, of some cold 
or hot water into the vacuum glass, the prism Nic, was adjusted 
by rotation so as to obtain equal intensity of the considered portions 


1) See ZEEMAn Comm. N”. 5, June ’92, more detailed Arch. Neerl. 27 (1893) 
p-. 259 and Pl. V. The *halfprism’”’ was used in our experiments with a view to 
the intensity in the magnifying position (ÖHRISTIE, Proc. Roy. Sor. 26 (1877) p. 8). 
Moreover the dispersion is greater in this position, whereas the loss of purity in 
the spectrum is of no importance here. 

2, Not too near the critical state the light emitted by the blue mist in a 
direction normal to the incident light, is polarized in the plane of incidence 
(Ramsay, ZS. physik. Chem. 14 (1894) p. 486). It is to be expected that on 
approach to the critical state the light emitted in the direction mentioned becomes 
_ more and more partially polarized (ef. TyxpAr, Phil. Trans. 160 (1870) p. 348). 
lt would be interesting to examine if then Tyxpau's residual blue (l. c.) could 
be observed (on ihe eonnection of this with the difference in refractivity of tlıe 
scatlering particles and the surrounding medium see RAYLEIGH, Phil. Mag. (4) 
41 (1871) p. 454). Measurements on the condition of polarisation might also 
lead to an opinion on the size of the particles, see Bock, Wied. Ann. 68 (1899) 
p- 674 (spectrophotometrical investigation of the light seattered by a jet of steam, 
measurement of the condition of polarisalion, and determination of the size of the 
| parlicles by means of diffraction rings) and PERNTER, Denkschr. Kais. Ak. d. Wiss. 


Wien 73 (1901) p. 301. 
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of the two spectra. With a view to this adjustment care had been 
taken that the two spectra were as close above each other as pos- 
sible ') and had about the same height. The adjustment and reading 
were made in the four different positions of Nic, which gave equality 
of intensity. 

$ 3. Observations. Only observations above the critical temperature 
have been communicated here; in order to get unambiguous data 
for the dependence of the intensity of the opalescence on the tem- 
perature and the density below the critical temperature, & stirring- 
apparatus, or an arrangement to keep the temperature constant till 
the thermo-dynamie equilibrium should have been reached, would 
have been required. The observations were made after the tube of 
ethylene had been kept at higher temperature for 15 hours or longer, 
and_ had then been slowly cooled down to the temperature of obser- 
vation. The measurements have been made for two wavelengths, 
corresponding to D and F’ in the solar specetrum ?). In order to give 
an idea of the degree of accuracy of the adjustments, we have com- 
municated the data of an observation at a mean intensity of the 
scattered light in table 1. 


TeAHBIL EWT. 
Series VI, No. 3, 13 Nov. 1907 
Wave  |Temperature Adjustments of Nic, P | 
length 3 ; 
D 119,69 6348 36936’ 154936’ | 1250 9! 14>10' 
11. 66 64 24 | 36 15 153 30 | 126 18 13 50 
41. 70 63 18 | 3654 | 154 9 | 135 13 53 
11. 69 z= 
temp. min 119.68 mean: 13°58' 
F 11. 66 155°45’ 124048' 65°18' 34033’ 41501915 
4112.68 156 15 | 124 54 | 66 9 33 54 15 54 
41. 67 15718 | 19257 | 67:50 | 33 6 16 56 
41. 61 pe 
temp. mean 119.66 mean: 16°5' 


!) The use of a Hürvxer’s prism would render more accurate adjustments 
possible. 

2). When the experiments are repeated under eircumstances which admit of a 
more accurate spectrophotometrie adjustment, an extension of the measurements 
to more wavelengths will be desirable. 
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The last column contains the angle of the plane of polarisation 
of Nic, derived from the other columns, ‚for the adjustment at equal 
intensity, with this plane of polarisation when Nic, erosses Nie, 
and Nic,. In general the adjustment for the wavelength F was 
less accurate than for D on account of the slighter intensity in 
the spectrum for the former wavelength. The greater deviation 
which the latter angle o shows for the wavelength F in table I 
from the preceding ones, may be explained from the difference in 
temperature. 

The results thus obtained have been joined in table II. 


TABLE I. 
Wavelength D | Wavelength 7 
Temperature (0) Temperature Y 

Series V, 12 Nov. 1907 
132.53 8°27' 13°.59 410941! 
42 .55 9 45.5 

Series VI, 13 Nov. 1907 
12° .54 10936’ 129.54 42°39! 
41.865 42 37 41.83 44 58.5 
11.68 13 58 41 .66 16 5 
11.42 17 52 411.43 18 24 


11.24 22 18 


The observations of series VI ceased after the adjustments for 
the wavelength D at 11.°24, because after this the temperature 
fell below the critical temperature, which was determined at 11.°18') 
(ef. $ 3 beginning). 

The difference between the angles p for Series V 12.°55 and 
Series VI 12.°54, wavelength D, is owing to this that between 
these observations a slight modification in the position of the lenses 
L,, L, has taken place. The observations mentioned here may serve 


ı) Comparison of this value of the critical temperature with that of other 
investigalors indicates th at the critical temperature of the admixture (cf. $ 2, 
p. 612, note 1) does not lie much higher than that of ethylene. 
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to bring connection between the series V and VI. Tbe results of 
other series of observations are not communicated here, because 
for them all the precautions mentioned had not yet been iaken. 

From the data of table II the course of the intensity of the 
scattered Jight with the temperature ($ 2 2nd) will be derived in 
the first place. Let us call Ap, the intensity in the spectrum of 
the light scattered by tbe cloud at the temperature ? of the wave- 
length D for a certain arrangement of the apparatus, which is 
further thought to be unmodified, Hpcomp the intensity in the com- 
parison specetrum when Nic, is parallel with Nic, and Nic,, then 
ip — Hon,/Ho,ı.ccs = sin‘ pn.lsin‘ YD,ı1.ees. An investigation of the 
absolute intensity of the light scattered by the mist compared with 
that of the ineident light (ef. $ 66) will have to reveal how to 
derive a quantity from ?p,: which determines the intensity of the 
scattered light, independent of the particular circumstances of the 
arrangement. For an examination of the way in which the intensity 
of the scattered light depends on the temperature, the quantity ip,: 
is very suitable. 

Table III contains the results obtained on this from table II: 

TABLE III. 


t !D,t t 'D,t | 


130.53 0.190 11.068 1 
12. 54 0.337 11. 42 2.61 
11. 865 0.671 11. 24 6.11 


These results have been represented in Pl. I fig. 2, where also 
a curve has been traced through the points of observation (see 
further p. 620). 


Hr, /Hr comp. sin'pF, t 
Hp,/HDcomp.  sin'pD, 
quiry mentioned in $ 2 1°. into the ratio in which the light of 
different wavelengths is scattered. Table IV contains the results. 
TABLEW 


The ratio rr.p: = 


yields data for the in- 


TF:D,.t ! TF:D,t 


13°,59 | 2.00 11° .68 1.66 
12 .54 2.01 411.43 
41568 1.85 


1.18 
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To this purpose the angles % for D and F have been reduced to 
the same temperature by interpolation. 

Above 12°.54 the ratio of the intensities of D and F seems to 
be constant. The fact already observed by several earlier observers 
that on approach of the eritical temperature the mist changes from 
blue to almost white, is clearly set forth in the table. Measurements 
on this change of colour, however, have been communicated here 
for the first time. 


$ 4. On the size of the lght-scattering particles‘). To be able to 
derive from ryp,p the ratio of the intensities # and D of the light 
scattered in a certain direction by the mist compared with the ratio of 
the intensities # and D of the incident light on the mist, we must 
bear in mind: 1° that the two beams of light which are compared 
with each other in the spectroscope are subjected to different reflec- 
tions and absorptions outside the spectroscope, which might bring 
about a change in the ratio of the intensities D and F/, 2"d4 that the 
optical apparatus for observation of the scattered light not being 
perfeetly achromatie might cause a similar change in the ratios of 
intensities, 3'4 that if the condition of polarisation of the two beams 
is not exactly the same on their arrival in the spectroscope, the 
reflections in the spectroscope may also give rise to such a change °). 

The influences mentioned under 1 and 2 may be determined and 
eliminated by measurements of the scattered light when the substance 
in the neighbourhood of the critical state has been replaced by a 
suspension for which the ratios of intensities of the scattered light 
are known °). Then it will have to appear in how far the deviation 
of the values 2,00 found in table IV at the higher temperatures 
from that which according to RarzeicH (Phil. Mag. (4) 41 (1871) 
p. 107) would be found if the scattering were brought about by 
non-conducting particles the dimensions of which are small with 


1) C£. 8 1 p. 612. 
2) Cf. Carıstie loc. cit. 
3) Suspensions for which the intensity of the transmitted light is: according to 


—4 3 
Rayıeich I =], Fl ” . mastic, Ag Cl, CugS in water, emulsion of lemon- 


essence in waler: Apney and Festine, Proc. Roy. Soc. 40 (1886) p. 378, Lampa, 
Wien. Sitz. ber. [2@] 100 (1891) p. 730, Hurıon, C.R. 112 (1891) p. 1431, Comran, 


—2 
CR. 128 (1899) p. 1226; according to Crausus T=Iye” ”: Ba SO, ina 
mixture of glycerin and water, ete.: Compan loc. cit. To ensure that in this expe- 
riment the light is subjected to the same reflections as in the experiments with 
the mist we should have to take a suspension in ethylene of the critical density, 
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respect to the wavelength: 4'D/A'r= 2.129, is to be explained in 
this way '). 

About the influence of what was mentioned under 3 we have 
made a separate measurement. See for this $ >. 

After the corrections indieated in this $ have been applied, the 
data of table IV may serve to give an idea of the size of the par- 
tieles by the aid of developments such as are given by LORENZ ?). 
From the change of rp.p in table IV on approach to the critical 
temperature may already be deduced that the light-scattering particles 
must no longer be considered as small with regard to the wave- 
length at and below 11°.86° (i.e. 0°.5 above 77). 


$ 5. On the quantity of substance which is condensed in the 
light-scattering particles at different temperatures ?). To get to know the 
intensity of the scattered light at different temperatures, only a correc- 
tion has to be applied to table III on account of the circumstance men- 
tioned p. 617 under 3. Therefor the condition of polarisation of 
the scattered light at different temperatures must first be knowu 
(ef. p. 613 note 2). An upper limit for this correction may already 
be given as follows. 

In the measurement mentioned in $ 4 it appeared that light 
polarized normal to the slit was weakened to a greater degree in 
the spectroscope than light polarized parallel to the slit, in such a 
way that the ratio of the intensities in the spectrum is ®): 

An, /Hyy = 0.82, Ar,/HArı =0.70. 

lf we now suppose that at 13°.53 all tbe light of wavelength D 
scattered in a direction normal to the incident light is polarized 
in the plane of incidence, and that at 11°.24 this light would be totally 
unpolarized, it follows from this measurement, that at 11°.24 the 
weakening of the D-light in the spectroscope would be 1.10 times 
the weakening of the D-light at 13°.53. 

To be able to derive from the intensity of the scattered light at 
different temperatures how the quantity of condensed substance 
depends on the temperature, we should have to get a somewhat 
complete insight into the way in which the light is scattered by such 


') Also the fact that the light scattered by the mist must pass through a 
layer of a certain thickness (+2 cM.) in the direction of propagation, may cause 
a deviation in the same direction. 

{ 3) LEBEN Vidensk. Selsk. Skr. Copenhagen 6 (1890). Oeuvres Scientifiques 

p- ; 

5) Cf. $ 1 p. 612. 

+) Of. with this the caleulations of CuRisrie Proc. Roy. Soc. 26 (1877) p. 24. 
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particles, and hence be acquainted with the structure of the partieles 
(ef. $ 1), in which also the origin (cf. Comm. N’. 104, $ 4) 
would come in for discussion. However, it is to be expected that 
when the particles are small compared with the wavelength of the 
light, the intensity of the scattered light will increase proportional 
to the square of the quantity of condensed substance, whereas when 
the particles are no longer so small, the increase will take place 
more slowly. 

To whatever cause we may attribute the occurrence of the diffe- 
rences in density, the great compressibility of the substance in the 
neighbourhood of the critical state will have a preponderating in- 
fluence on it. Thus e.g. the mean deviation in density governed by 
the statistie equilibrium (SmoLucHhowski) ') will be proportional to 
V9p/de (e=density). If we assume that the substance condenses 
round centres of attraction which exert forces on the surrounding 
particles of the substance which per unit of mass are only dependent 
on the distance, the quantity which is condensed round every cen- 
trum of attraction is proportional to?) 0p/do. 

In order to examine what information the data in table III give 
on a connection between the intensity of the scattered light and the 
compressibility, we notice that in the neighbourhood of the critical 
point Op/de = g,,(T— Ti), if the average density of the substance 
differs so little from go; that the following term 3g,, (09 —ex)’ may 
be neglected (so 7—-77, not too small). 


TABLE V. 
13.053 0.190 0.213 — 12 
12. 54 0.337 0.368 — 9 
41. 865 0.671 0.730 — 9 
41. 68 1 4 
11. 42 2.61 ‚2.08 +20 
41. 24 6.11 8.33 — 36 


1) M. v. Smorucnowskı, Ann. d. Phys. (4) 25 1908 p. 205. 
3) In this it is supposed that the condensation is so insignificant that ) in a 
condensed part remains sufficiently near ;z . 
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In table V the data of table III have been compared with the 
05 
formula: ip, = -——— (4. =11°.18, see p. 615). 
; T—T; 


The --— — — curve in Pl. II fig. 2 represents ipıc- 

The differences O — ( are of two kinds: 

1. The deviation at 11°.24: this was to be expected in. the 
immediate neighbourhood of the critical temperature, as the formula 
for 7; would give an infinite intensity; here the influence makes 
itself felt of following terms in the development of 0p/dg, or of the 
intensity of the scattered light as function of the quantity of sub- 
stance (see p. 619); 

2. also at temperatures further from the critical temperature 
there is a systematic deviation: the observed curve of intensity 
ascends here more rapidly than the calculated one. This might among 
others be in eonnection with the observation of TRAvkRs and USHER '), 
who found that the maximum of the intensity of the opalescence 
should not lie at 7%, but for SO, 0°.05 above 7%. 

Leaving these deviations out of account we may conclude that 
on the main the observations conform to the mentioned equation. 


Ast: e 0.25 
The deviations from a formula ip: =———— would have been 
; (T—Tr)’ 


much larger. The correction mentioned in the beginning of this 
$ will not affeet this conclusion. 

On the supposition that at least when the dimensions of the 
volume elements in which appreciable condensations or rarefactions 
are found, are small with respect to the wavelength, the intensity 
of the scattered light is proportional to the square of the quantity 
of substance which has condensed round every centrum, or to the 
square of the mean deviation in density governed by the statistie 
equilibrium, it follows that our observations rather support the 
hypothesis of the condensations and the rarefactions caused by the 
molecular movement and governed by the statistic equilibrium, than 
the hypothesis of centres of attraction whose number remains constant 
with varying temperature. | 

If it appears from further investigations that the absolute value of 
the intensity of the light scattered by the mist is in harmony 
with what is to be expected according to the distribution law of 
BOLTZMANN (cf. SMOLUCHOWSKI, loc. cit.) a connection may be formed 
between the observations of the intensity of the light scattered by 
the mist and the disturbance function in the equation of state in 


) M. W. Travers and F. L. Uster. Proc. Roy. Soc. A. 78 (1906), p. 247. 
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the neighbourhood of the eritical point through considerations on the 
increase of the virial of attraction in consequence of the differences 
of density '). 


$ 6. Remarks on further experiments on the mist in the neigh- 
bourhood of the critical state. 

a. When through measurements as treated in $ 3 the way in 
which the intensity of the light scattered by the mist depends on 
temperature and density, will have been sufficiently brought to light, 
the determination of this intensity at different heights in a CAGNIARD- 
Larork tube may be substituted for the method of the floating bulbs 
for the determination of the density at different heiglıts in the tube 
(See Comm. N’. 98, Sept. ’07). If the establishing of the thermo- 
dynamie equilihrium is effected by keeping the temperature for a 
long time sufficiently constant, the determination of the intensity of 
the scattered light as function of the height in the tube would 
supply a method for the accurate determination of the experimental 
equation of state in the immediate neighbourhood of the critical state 
(ef. Comm. N°. 98 $ 1 p. 218). 

b. Besides the before-mentioned measurements on the condition of 
polarisation ($ 2) and the measurements for the sake of the correc- 
tions mentioned in $ 4, measurements on the ratio between the inten- 
sity of the scattered light and that of the incident light would also 
be desirable. (Cf. $ 3 p. 616 and $ 5 p. 620). For this purpose 
measurements might serve in- which the ethylene is replaced by a 
silver mirror forming an angle of 45° with the axis of the tube °). 


1) Cf. M. v. Smorucuowskı, BoLtzmann Festschrift 1904, p. 626. 


2) We have in the meantime made a preliminary measurement of the absolute 
intensity of the scattered light by comparing it with the light reflected from a 
silver mirror (reflection constants for light polarized perpendicular and parallel to 
the plane of ineidence calculated according to Quincke, Pogg. Ann. 128 (1866) 
p. 541 from determinations of the prineipal angle of incidence and the principal 
azimuth by Jamın, Ann. chim. phys. (3) 22 (1848) p. 311). For this measurement 
the comparison spectrum had to be intensified by replacing the systems of lenses 
L, and Lg by stronger combinations. From the angles 9 Ag = 31°33' and 9 = 


5°4.'5 we derive that at {=11°.93 the intensity of the light of wavelength D 
scattered by 1 cM.3 of ethylene perpendicular to the direction of incidence per 
unit angle of vision is 89 = 0,0007, if the intensity of the incident (unpolarized) 


light = 1. 
If we calculate according to RaAvzeıcu, Phil. Mag. (5) 12 (1881) p. 86—88, 
Ei 2n° (Au)’ E : 
Lorenz, Oeuvres Scientif. I p. 496, s= —_ ——,- (N = number oflight-scattering 


Na 
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c. If would be of interest to investigate whether for a single 
substance in the neighbourhood of the critical point an increase of 
viscosity is found as has been noted by ÖsrtwaLD ’') for a liquid 
mixture in the neighbourhood of the critical point of separation 
from measurements of Srksurt, and has been further determined 
by FrieprÄnper (see p. 611). Perhaps the increase of tbe viscosity 
and the size of the light-scattering particles ($:1) might be brought 
into relation, and so also the colour of the scattered light. 

d. We could not ascertain an influence of RÖNTGEN-rays on 
the blue mist in ethylene. An investigation might be made as to 
whether the «a-rays or the emanation of radium exert an influence 
on the mist. 

e. FÜCHTBAUER ?) investigated a mixture of iso-butyrie acid and 
water in the neighbourhood of the critical point of separation ultra- 
miecroscopically ; he did not succeed in dissolving the cone of light. 
Nor could we ascertain ’) the presence of separate light-scattering 
particles in the mist for a ınixture of amylene-aniline with the 
objective Homog. Imm. = eye-piece 4, condenser AA (Zeıss) and 
as source of light an electrie are lamp (30 Ampere) or solar light 
(10 Dec. ’07), We consider a repetition of this experiment with 
more intense solar light and with more precantions taken to keep 
the temperature of the mixture that is ultramieroscopically examined, 


particles per cM®, Ay deviation from the average refractive index u), and if we 
express Au in terms of the deviation in density according to Lorentz-LoREnz, and 


if according to SmoLucHowskı we write = — Br / u. (& (» = number of 
5 =) 


molecules in the light-scattering particle), in which %) for v9 = vr can be 
® 0) 


Er pıı (77%) (Suppl. NO, 6, May '03), we find at T-TK=0.75 
for ethylene sD = 0.00075. 

Although our measurement is but preliminary, it leads us to conclude that, at 
least as far as the order of magnitude is concerned, the intensity of the light 
scattered by the blue mist in a single substance in the neighbourhood of the 
eritical state agrees with the hypothesis of Smoruchowskı, that light is due to 
differences in density caused by molecular motion and governed by statistical equi- 
librium. [Note added in the English translation]. 


!) W. Osrwaup. Lehrbuch der allgemeinen Chemie II 2 (2te Aufl. p. 684). 
?) CHR. FÜCHTBAUER, Zeitschr. physik. Chem. 48 (1904) p. 552. 


3) We express our hearty thanks to Prof. M. pe Haas of Delft for his kindness 
to lend us his ultramicroscopic apparatus, 
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at a constant temperature near the critical temperature of separation, 
desirable, and also such an investigation for a single substance in 
the neighbourhood of the critical point gas-liquid '). 

This investigation in connection with what follows (see $ 4) from 
measurements as mentioned in $ 3 on the size of the light-scattering 
particles might give us an idea of the velocity of motion of the 
light-scattering particles or of the mean time of existence of definite 
aggregations governed by the statistic equilibrium. 


Chemistry. — “On the form-analogy of Halogene-derivatives of 
Hydro-carbones with. open chains’. By Dr. F. M. Jarcer. 
(Communicated by Prof. A. P. N. FrAncHimonT). 


(This paper will not be published in these Proceedings). 


ERRATA. 


In the Proceedings of the meeting of March 30, 1907: 


Plate II belonging to the Communication of Prof. H. KAMERLINGH 
Onses and Dr. W. H. Keesom: for r=1.18 read r=1.08; for 
t—=1.05 read r = 1.035. 

p. 798 I. 4 from the bottom: for 0.966 read 0.996. 


In the Proceedings of the meeting of September 28, 1907: 
p. 211 1. 12 from the bottom: for 0.16822 read 0.25234. 


In the Proceedings of the meeting of December 28, 1907: 
p. 414 |. 7 from the bottom: for 28.955 read 29.030. 


!) The possibility is namely not excluded that then the light-scattering particles 
have larger dimensions and a greater mutual distance than at the critical point 
cf separation of two liquids. To form an opinion on this point a spectrophotometric 
investigation for a liquid mixture, in the same way as we have made for a single 
substance ($ 3) would be useful. 


(March 27, 1908). 
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